
VANISHING THEOREMS ON WONDERFUL VARIETIES
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Abstract. We study vanishing theorems of tautological bundles in the sense of Berget–
Eur–Spink–Tseng restricted to wonderful varieties. As an application, we prove a
characteristic-independent analogue of Brieskorn’s result on cohomology of arrangement
complements, in addition to a comparison theorem between Orlik–Solomon algebra and
the logarithmic de Rham cohomology of wonderful varieties. In a different direction, we
extend a vanishing theorem of Borel–Weil–Bott type for tautological bundles. Finally,
we reduce the weak version of White’s basis conjecture to a problem about cohomology
vanishing of tautological bundles.
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1. Introduction

Let k be a field. Write E = {0, . . . , n} and let L ⊆ kE be a linear subspace. The purpose
of this paper is to study the positivity of certain vector bundles attached to the linear
subspace L.

1.1. Our starting point is the classical work of Brieskorn [Bri73] from half a century ago.
We consider the linear embedding PL ⊆ Pn with a fixed system of homogeneous coordinates
xi, i ∈ E, on Pn. Suppose that we are in the situation

(LL) The subspace L ⊆ kE is not contained in any coordinate hyperplane of kE .

Then, denote by Hi = {xi = 0} the restriction of the ith coordinate hyperplane to PL; the
Hi give rise to a hyperplane arrangement on PL, thanks to Condition (LL). Additionally,
we denote by

PL◦ = PL \ ∪iHi

the arrangement complement. Given a projective hyperplane arrangement {Hi}i, one can
construct the reduced Orlik–Solomon algebra OS•(L); this is a graded-commutative Z-
algebra whose generators are linear forms f =

∑
fiei on ZE satisfying

∑
fi = 0. Brieskorn’s

result is that:
When k = C, there is a graded-commutative algebra isomorphism

OS•(L) → H•
sing(PL); f 7→ the class of

∑
fid log xi.

Loosely speaking, any cohomology class in PL◦ can be represented as global
differential forms on PL◦ with logarithmic poles at infinity.

The topological statement begs the question: can the reduced Orlik–Solomon algebra for
an arrangement over any field k afford a geometric interpretation? The first part of this
paper is to provide an answer to this question, using algebraic geometry.

First, we wish to construe, algebraically, the Betti cohomology H•
sing(PL◦). Given a

linear subspace L ⊆ kE satisfying Condition (LL), one can construct its wonderful variety
WL (with maximal building set) in the sense of de Concini–Procesi [DP95]. The variety
WL is a smooth projective compactification of the arrangement complement PL◦, with a
simple normal crossings divisor DL = WL \ PL◦ as boundary. Considering the complex
Ω•

WL
(log DL) of differential forms on WL with logarithmic singularities along DL, we have

the Hodge–de Rham spectral sequence,

(Hdg) Ep,q
1 = Hq(WL, Ωp

WL
(log DL)) ⇒ Hp+q(WL, Ω•

WL
(log DL)).

When k = C, the right-hand side equals the Betti cohomology Hp+q
sing (PL◦)C, and the

spectral sequence always degenerates at E1, thanks to Deligne [Del71, Proposition 3.1.8].
Moreover, Brieskorn’s result asserts that the canonical inclusion Ep,0

1 ↪→ Hp
sing(PL◦)C is an

isomorphism. Hence the logarithmic de Rham cohomology H•(Ω•
WL

(log DL)) serves as a
potential algebro-geometric surrogate for the Betti cohomology of PL◦.

2/48



Vanishing theorems on wonderful varieties

However, in positive characteristic, even the degeneration of the Hodge–de Rham spectral
sequence is not guaranteed for general smooth varieties; see [Ray78] for counterexamples
and Remark 4.2 for comments. Nonetheless, our first result removes the characteristic-0
assumption on the E1-degeneration of Sequence (Hdg).

Theorem A. Let k be a field and L ⊆ kE be a linear subspace satisfying Condition (LL).
Let WL be the de Concini–Procesi wonderful variety introduced above, and DL be its
boundary divisor. Then,

(i) The sheaves of differential forms with logarithmic poles along DL have higher
vanishing cohomology; that is, at E1 page of Sequence (Hdg), we have

Ep,q
1 = Hq(Ωp

WL
(log DL)) = 0, for all q > 0.

(ii) There are canonical isomorphisms of graded-commutative algebra

OS•(L) ⊗ k → H0(Ω•
WL

(log DL)) → H•(Ω•
WL

(log DL)),

where the first map will be defined in §4 and the second map is the edge morphism
of Sequence (Hdg).

An important slogan from the theorem, therefore, would be that the logarithmic de
Rham cohomology of the wonderful variety of a hyperplane arrangement depends only on
its combinatorial type. The result here is inspired by a number of previous works:

1. Over the complex numbers, this reformulation of Brieskorn’s theorem also appeared
in the work of Esnault–Schechtman–Viehweg [ESV92, p. 558]. However, our
proof is purely algebraic, and bypasses the deletion-contraction sequence for Betti
cohomology of PL◦ used by Orlik–Solomon [OT92, §5.4].

2. For any field k, setting p = dim L−1 in Statement (i) recovers [Eur24, Corollary 1.7].
3. In characteristic ℓ > 0, one can consider the arrangement A of all Fℓ-rational

hyperplanes in Pr
Fℓ

. The matroid for A is the projective geometry PG(r, ℓ). Langer
observed that the wonderful variety WA of A agrees with a compactified Deligne–
Lusztig variety [Lan19, Proposition 7.1]. In this case, Statement (i) recovers a result
of Große-Klönne [Gro05, Theorem 2.3]. In Ibid., Große-Klönne also constructed
a basis for the logarithmic de Rham cohomology H•(Ω•

WA
(log DA)) in terms of

certain unipotent translates of global logarithmic forms, which in fact agrees with
the known reduced nbc-monomial basis for the reduced Orlik–Solomon algebra
OS•(A)—this is an illustration of Statement (ii).

In characteristic 0, Statements (i) and (ii) of Theorem A hold for any simple normal
crossings compactification of PL◦. Unfortunately, without strong resolution of singularities,
we can only generalise Theorem A to any compactification that is related WL via blow-ups
and blow-downs along smooth centres; see Corollary 4.11 for a precise statement. However,
compactifications arising this way already include de Concini–Procesi wonderful varieties
attached to arbitrary building sets. The latter includes, for example, the Deligne–Mumford–
Knudsen moduli space M0,m of stable rational curves with m marked points. We will
deduce an integral version of Theorem A for M0,m; see Corollary 4.12.
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1.2. The first statement of Theorem A is a special case of a more general result involving
certain torus-equivariant vector bundles on the permutohedral toric variety XE . One can
associate to a linear space L ⊆ kE its tautological sub- and quotient bundles, denoted
respectively by SL and QL, introduced by Berget, Eur, Spink, and Tseng [BEST23]. These
bundles fit into a short exact sequence

0 → SL → kE ⊗ OXE
→ QL → 0.

Consider the direct sum EL := SL ⊕ QL. We prove:
Theorem B. Let k be a field and L ⊆ kE a linear subspace. Then all exterior powers of
EL have vanishing higher cohomology:

Hq(XE ,
d∧
EL) = 0, for all q > 0.

Equivalently, we have that H i(XE ,
∧p SL ⊗

∧q QL) = 0 for all i > 0 and p, q ≥ 0.
Taking p = 0 or q = 0 in the second assertion, we recover [Eur24, Theorem 1.2], whose

proof here seemed incomplete; see Remark 3.1 for full discussions. On the other hand,
combining a Koszul resolution of OWL

with the fact that the bundle S∨
L|WL

is an extension
of the trivial bundle OWL

by the log cotangent bundle Ω1
WL

(log DL) allows us to deduce
Theorem A.

Theorem B is obtained from a generalisation of arguments of Eur in [Eur24]. The
strategy is to show that under a deletion map f : XE → XE\n, the derived pushforward of∧d EL along f is concentrated in degree 0 and obeys a recursive pattern.

In another direction, we improve Statement (i) of Theorem A in characteristic 0. Our
line of argument here builds on a series of papers of Berget and Fink [BF18; BF17; BF25].
A key input is the geometric technique, introduced by Kempf [Kem76] and popularised by
Weyman [Wey03]. Our result here is
Theorem C. Fix a linear subspace L that satisfies Condition (LL), in addition to k linear
subspaces J1, . . . , Jk ⊆ CE. For every i = 1, . . . , k, let λi be a partition. Then we have

Hp(WL, Sλ1S∨
J1 ⊗ · · · ⊗ SλkS∨

Jk
) = 0, for all p > 0.

In particular, taking k = 1 and J1 = L, one recovers Theorem A over the complex
numbers. If L = CE , then WL = XE , then the assertions recovers [BF22, Theorem 5.1];
moreover, the same assertions still hold if one replaces S∨

L by QL, thanks to the standard
Cremona transformation.

In general, when WL is not the permutohedral variety XE , we do not expect the
same vanishing to occur after swapping S∨

Ji
with QJi ; for example, it can happen that

H1(WL,QL) ̸= 0.1 However, our next result shows that if one considers twisting by
determinants of the bundles QJi , then in fact higher cohomology vanishes:

1We thank Matt Larson for pointing this out. The idea here is to notice that QL|WL is the normal
bundle of WL in XE , and Mnëv’s Universality says there exists a linear space L ⊆ CE that represents a
singular point in the realisation space of its matroid; see the recent work of Eur, Fink, and Larson [EFL25,
Example 5.3] for a further discussion.
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Theorem D. Fix linear subspaces L, J1, . . . , Jk ⊆ CE over the complex numbers as in
Theorem C. Fix, additionally, a nonnegative number di for every i = 0, . . . , k. If for every
i, λi is a partition with at most di parts, then,

Hp(WL, Sλ0QL ⊗ Sλ1QJ1 ⊗ · · · ⊗ SλkQJk
⊗

detQ⊗d0+1
L ⊗ detQ⊗d1

J1
⊗ · · · ⊗ detQ⊗dk

Jk
) = 0, for all p > 0.

Theorem C may be interpreted as a vanishing theorem of Borel–Weil–Bott type, and
Theorem D as one of Manivel type; compare with [Man97]. It should be noted that
the bundle QL is seldom ample on XE , so one cannot deduce the statements by directly
applying vanishing theorems for ample vector bundles by Manivel and others.

Here, the Schur functors are used to simplify notations. In fact, we will mostly deal with
tensor products of symmetric algebras of SJi and then apply Pieri’s rules in the end.

1.3. Finally, we turn to measures of complexity of certain toric ideals via tautological
bundles. To a rank-r matroid M with ground set E, we can associate its toric ideal IM,
defined to be the kernel of the ring map

k[xB, B a basis of M] → k[y0, . . . , yn]; xB 7→
∏
i∈B

yi.

The ideal IM cuts out the affine cone of the toric variety XB(M) associated to the base
polytope B(M) of the matroid M. The weakest version of White’s basis conjecture is the
following; see [Whi77]:

Conjecture 1.1 (White). The homogeneous ideal IM is generated by quadrics.

In the case where the matroid M is given by a linear subspace L ⊆ kE of dimension r,
the statement that toric ideal IM⊥ of the dual matroid M⊥ has no cubic minimal generators
inspires the following stronger prediction

Conjecture 1.2 (Conjecture 6.8). Let L be a linear subspace of dimension r whose matroid
M(L) is connected. Then the vector bundle

r∧
E∨

L ⊗
r∧
E∨

L ⊗ detQL

has vanishing H1, where, as before, we set EL = SL ⊕ QL.

If char k ≠ 2 and the conclusion above is satisfied for the linear subspace L, then the
IM⊥ toric ideal has no minimal generator in degree 3, where M is the matroid associated to
the linear subspace L. Despite the similarity with the statement of Theorem B, the reader
will see the proof strategy thereof does not readily generalise to give higher cohomology
vanishing for

∧r E∨
L ⊗

∧r E∨
L ⊗ detQL.

Concerning organisation: we start in §2 with generalities on vector bundles we consider.
Section 3 is devoted to the proof of Theorem B. In §4, we study the Orlik–Solomon algebra
associated to a linear subspace using the logarithmic Hodge–de Rham spectral sequence,
proving Statements (i) and (ii) of Theorem A in Theorem 4.1 and Theorem 4.4, respectively.
In §5, we adapt the construction of Kempf–Weyman to study collapsings of vector bundles,
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proving in particular Theorem C and Theorem D. Finally, Section 6 is devoted to the weak
White’s conjecture and its strengthening.
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discussions: they were collaborators at many stages of this project, and conversations with
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which led to Section 4. We are particularly indebted to Matt Larson for pointing out
a gap in the argument towards Theorem B. This project started in Spring 2025 during
the Thematic Program in Commutative Algebra and Applications at the Fields Institute.
Many thanks to the institution and the organisers of the programme.

2. Preliminaries
We refer to [CLS11] for basics on toric varieties and [Oxl11] for matroid theory.

2.1. The permutohedral variety. Recall that E = {0, . . . , n}. For S ⊆ E, we denote by
eS the sum of basis vectors

∑
i∈S ei in RE . Let NE be the lattice ZE/eE , and denote by

ēS the image of eS in NE,R.
An ordered set partition F of E is a sequence (F1 . . . , Fℓ) of nonempty subsets that

partition E. Given an ordered partition F of E, we also associate to it a flag of subsets
{Gi(F)} of E defined by Gi(F) =

⋃
j≤i Fj .

Definition 2.1. The permutohedral fan ΣE is a simplicial fan in NE,R whose k-dimensional
cones are

σF = cone {ēG1(F), · · · , ēGk(F)},

for all ordered set partitions F with k parts. The permutohedral variety XE is the toric
variety associated to the fan ΣE .

We identify ZE as the cocharacter lattice of the algebraic torus T = GE
m so that N is

the cocharacter lattice of PT = T/Gm, the big open torus of XE .
We list some properties of the toric variety XE :

(i) All cones in ΣE are spanned by a subset of a basis for the lattice NE , so the toric
variety XE is smooth. For t ∈ T , denote by t its image in PT .

(ii) By definition, every set partition F indexes a torus invariant stratum in XE , given
by T -orbit of a distinguished point, which we denote by pF. Also denote by ZF the
closure of the stratum. By the orbit-cone stratification, every point in XE is given
by t.pF for some t ∈ T and some ordered set partition F of E.

(iii) The variety XE affords a toric involution map Crem: XE → XE , known as the
standard Cremona transform and determined by t 7→ t

−1 in the big open torus PT .
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(iv) Finally, the fan ΣE can be obtained as the first barycentric subdivision of the fan
for Pn. Thus one can realise XE as a sequence of blow-ups;

(2.1.1) πE : XE = Xn−1 → Xn−2 → · · · → X1 → X0 = Pn,

where Xi+1 → Xi is given by blowing up (the strict transform of) i-dimensional
coordinate subspaces.

The last point lets us streamline the definition of wonderful compactifications of hyperplane
arrangements (with maximal building set) in the sense of de Concini and Procesi [DP95].

Definition 2.2. For L ⊆ kE a linear space satisfying Condition (LL), the wonderful variety
WL of L is given by the strict transform P̃L ⊆ XE .

By construction, the wonderful variety WL is also an iterated blow-up of the linear
subspace PL, and the blow-down map πE restricts to an isomorphism on the intersection
PL◦ = PL ∩PT . The boundary DL = WL \PL◦ is a simple normal crossings divisor [DP95,
§3.1].

For an ordered set partition F = {F1, · · · , Fℓ} of E \ n, let F(i) be the ordered partition
of E obtained by appending n to Fi, and Fi be the ordered partition of E obtained by
inserting {n} between Fi and Fi+1.

Let T ′ be the subtorus GE\n
m ⊆ GE

m, and consider the projection f◦ : GE
m → GE\n

m away
from the nth factor. This gives a rational map Pn 99K Pn−1 given by [x0 : · · · : xn] 7→ [x0 :
· · · : xn−1], whose base locus is clearly resolved by the blow-up πE . In fact, the resolution
factors through XE\n:

Proposition/Definition 2.3. The map f◦ extends to a flat, projective toric morphism
f : XE → XE\n.

Moreover, given t ∈ T ′ and F an ordered set partition of E \ n with ℓ parts, the
fibre C = f−1(t.pF) is a chain

⋃
1≤i≤ℓ C(t, i) of translated rational curves C(t, i) =

(t0, . . . , tn−1, 1).P1
F(i), with the component P1

F(i) given by

P1
F(i) = pFi ⊔ pFi+1 ⊔ Gm.pF(i) ≃ 0 ⊔ ∞ ⊔ Gm.

We refer to [Eur24, Corollary 2.4] for a proof. The reader will see that the flatness of
f plays an important role in the proof of Theorem B. In [LM00], the authors considered
XE as a moduli space of weighted stable rational curve with n + 1 points marked by E
with weights (1, 1, ϵ, . . . , ϵ) with infinitesimal ϵ > 0; in this case, the map f : XE → XE\n

corresponds to forgetting the weight ϵ point marked by n.

Example 2.4. Consider the deletion map f : XE → XE\n in the case when E = {0, 1, 2}
and n = 2. In Figure 1, we describe f on the level of toric strata. The six straight edges
forming a hexagon constitute the toric boundary of X0,1,2. The thickened edges in Figure 1
are illustrations of various fibres of f . The curved edge is the fibre over a point t̄ = t̄p01 in
the big open torus of X0,1, which has two points given by intersecting with the two invariant
curves indexed by 2|01 and 01|2, respectively. On the rightmost side of the picture, we
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02|1

0|121|02

12|0

2|01

1|2|0 0|2|1

2|0|12|1|0

0|1|21|0|2

01|2

t̄ 0|11|0

Figure 1. An illustration of the map f : X0,1,2 → X0,1; strata of the permutohedral
varieties labelled by set partitions.

have the ordered set partition 0|1 of {0, 1} corresponds to a torus fixed point of X0,1 and is
indicated by the vertex 0|1. The fibre over the point 0|1 is the gluing of two torus invariant
curves—P1

02|1 and P1
0|12—along the T -fixed point p0|1|2. Similarly, on the leftmost side, the

union of invariant curves 1|02 and 12|0 gives the fibre over the fixed point 1|0 in X0,1.

2.2. Tautological bundles of linear spaces. Recall that k is a field of arbitrary charac-
teristic. Let kE

inv be the dual of the standard representation of the split k-torus T = GE
m.

This also induces a T -action on Gr(r, kE) given by t.[L] = [t−1L] for t ∈ T .
The construction of tautological bundles rest upon the following classical result; see [GGMS87,

Corollary 2.4], [Whi77] and [BEST23, Lemma 3.5]:

Proposition 2.5. Given a linear subspace L ⊆ kE of dimension r, there exists a unique
T -equivariant map
(2.2.1) ϕL : XE → T.[L] ⊆ Gr(r, kE),
mapping t̄ ∈ PT to [t−1L]. Moreover, the image T.[L] of ϕL equals the toric variety XB(L)
associated to the base polytope B(L) of the matroid M(L).

Definition 2.6. The tautological sub- and quotient bundle of the linear subspace L are
respectively

SL := ϕ∗
LSGr(r,E), and QL := ϕ∗

LQGr(r,E),

where SGr(r,E) (resp. QGr(r,E)) are the tautological sub- (resp. quotient) bundle of Gr(r, kE).

The equivariant Euler sequence for the Grassmannian Gr(r, kE) pulls back a short exact
sequence

0 → SL → kE
inv ⊗ OXE

→ QL → 0.

As a matter of notation, denote by αE the pullback along πE of a general hyperplane in
Pn, and βE the Cremona pullback Crem∗αE . In the language of tautological bundles, we
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have OXE
(αE) = QH and OXE

(βE) = S∨
ℓ , where ℓ, H are respectively a general line and a

general hyperplane in kE .

Remark 2.7. The divisors αM and βM defined in [AHK18, Definition 5.7]—which these
authors used to deduce log-concavity of the reduced characteristic polynomial of a matroid—
are the restrictions of αE and βE , respectively, to a subfan ΣM of ΣE called the Bergman
fan of the matroid M.

The next proposition relates the tautological bundles and the wonderful variety WL in
the two ways; see [BEST23, Theorem 7.10 and Theorem 8.8] for details.

Proposition 2.8. Assume k is algebraically closed. Let L ⊆ kE be a linear subspace that
satisfies Condition (LL).

(i) The wonderful variety WL is the vanishing locus of the section s ∈ Γ(QL) given by
the image of s′ = (1, . . . , 1) ∈ H0(OE

XE
). That is, we have a Cartesian square

Tot SL AE
XE

WL XE

⌟

s′

where the top horizontal map is given by inspecting the total space of the embedding
SL ⊆ OE

XE
.

(ii) Consider the sheaf Ω1
WL

(log DL) of differential 1-forms on WL with logarithmic
poles along DL. Contracting the section (1, . . . , 1) ∈ H0(WL, SL) against S∨

L|WL

induces an Euler-like short exact sequence
(2.2.2) 0 → Ω1

WL
(log DL) → S∨

L|WL
→ OWL

→ 0.

The reader will see in §4 that the short exact sequence can indeed be construed in terms
of logarithmic derivations. The first assertion in Proposition 2.8 also implies:

Corollary 2.9. Keeping the notation and assumptions as in Proposition 2.8. We have a
Koszul resolution

(2.2.3) 0 → detQ∨
L → · · · →

2∧
Q∨

L → Q∨
L → OXE

→ OWL
→ 0.

In particular, we have canonical bundle ωWL
is given by (ωXE

⊗ detQL)|WL
.

The Koszul resolution above, combined with the following homological algebra fact,
allows us to pass vanishing statements from the permutohedral variety XE to wonderful
varieties WL.

Fact 2.10 ([Laz04a, Proposition B.1.2]). Let X be a finite-type k-scheme and G be a
coherent sheaf on X that is quasi-isomorphic to a bounded complex G• of coherent sheaves.
For an integer k ≥ 0, then Hk(G) = 0 as long as

Ha(Gb) = 0, for a, b such that a + b = k.
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2.2.1. Matroidal operations and tautological bundles. During the proof of Theorem B,
the following pieces of notation will be useful. Given a linear subspace L ⊆ kE and a
subset S ⊆ E, we denote by L/S the intersection L ∩ kE\S × {0}S , understood as a
subspace of kE\S ; by L \ S the image of L under the projection kE → kE\S ; and finally,
by L|S = L \ (E \ S). In matroid theory literature, these operations are respectively
contraction, deletion, and restriction.

Additionally, we denote by L⊥ the linear subspace (kE/L)∨ ⊆ (kE)∨ ≃ kE . The linear
subspace L⊥ gives a realisation of the dual matroid of L. We also note that the tautological
bundles are well-behaved under duality: we have QL⊥ ≃ Crem∗S∨

L and similarly for SL⊥ .
We say an element e ∈ E is a loop (resp. coloop) of L if L is contained in the coordinate

subspace kE\e × {0}{e} (resp. L contains the coordinate line k{e}). In particular, a linear
subspace L ⊆ kE satisfies Condition (LL) if and only if it has no loops.

Finally, we say a word about restricting tautological bundles to torus invariant subvarieties
in XE . These pieces of notation will only make brief appearances in §3.2. Given an ordered
set partition F, we denote by

(2.2.4) LF =
⊕

i

L|Gi(F)/Gi−1(F) ⊆
⊕

i

kFi

the direct sum decomposition into minors that arises from the flag {Gi(F)}.

Proposition 2.11. Under the T -equivariant identification, ZF ≃ XF1 × · · · XFℓ
, where T

acts on each factor in the right-hand term by the obvious projection T → GFi
m , there is a

T -equivariant isomorphism
SL|ZF

≃ ⊞ℓ
i=1SLGi/Gi−1

.

We refer to [BEST23, Proposition 3.6 and Proposition 5.3] and [Eur24, Lemma 2.5] for
a proof.

3. Characteristic-free vanishing results via pushforwards
This section is mainly devoted to the proof of Theorem B. It will be a generalisation of

arguments of Eur in [Eur24]. At the end of the section, we also deduce a Tutte polynomial
identity, and a special case of Theorem C for hook-shaped partitions.

Throughout the section, we will assume k is algebraically closed. The case for arbitrary
fields follows from passing to an algebraic closure, thanks to flat base change [Stacks,
Lemma 02KH].

The strategy towards Theorem B consists of three steps:
1. First of all, we study a variant of tautological bundles of linear spaces, defined on P1.

On a single rational curve, we know a priori, thanks to Birkhoff–Grothendieck, that
the tautological bundles SL and QL restricted to an irreducible rational curve split
into direct sums of line bundles. As a key enhancement, the work of Eur [Eur24]
determines the line bundle summands. Our plan in §3.1 is to work with these
summands and to control cohomology groups of tautological bundles.

10/48
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2. For the second step, we recall from Proposition/Definition 2.3 that the deletion
map f is flat and has fibres given by chains of P1s. We will introduce some auxiliary
vector bundles L1,N1,L2,G on XE . The vector bundles introduced in Step 1 will
turn out to coincide with the tautological bundles SL and QL on XE restricted to
a fibre. Therefore, the theorem of cohomology and base change lets us kill higher
direct images of the corresponding vector bundles on XE ; see Lemma 3.7 for precise
statements. This will be carried out in §3.2.

3. Finally, the main content of §3.3 is an inductive procedure to derive vanishing
statements for exterior power of EL. Running a Leray spectral sequence and applying
the previous step, we know that it is enough to control the higher cohomology of
the pushforward f∗

∧d EL. To this end, we will consider a map
τ : f∗(EL/n ⊕ OXE\n

) → EL.

We use the higher direct image vanishing results from the previous step to compute
explicitly the pushforward of exterior powers of SL and Q∨

L in Lemma 3.8. This will
assists us with understanding kernels and cokernels of the pushforward of various
exterior powers

∧d τ ; see Lemma 3.10 and Corollary 3.11. Once this is done, we can
leverage the inductive hypothesis to control the cohomology of these kernels and
cokernels of f∗

∧d τ , which in turn gives control over the cohomology of f∗
∧d EL.

Remark 3.1. To obtain the higher cohomology vanishing for
∧d QL for d ≥ 0, [Eur24]

misses out Step 3 and claims the direct images f∗
∧d QL are given by the direct sum of

exterior powers of QL/n and QL\n. A similar assertion is made for exterior powers of SL

to obtain higher cohomology vanishing for
∧d SL; [Eur24, Theorem 1.2]. However, the

argument given there is incomplete.
We now explain the gap in their argument. In the case when n is not a loop or a

coloop, [Eur24, Theorem 1.6] claims that f∗
∧d QL is the vector bundle and isomorphic

to
∧d−1 QL\n ⊕

∧d QL/n. The strategy there is to carry out Step 1 and Step 2 to show
that the f∗

∧d QL is a vector bundle with fibre isomorphic to
∧d−1 QL\n ⊕

∧d QL/n, but
this only implies the former is a vector bundle of the same rank as the latter. An identical
gap occurs in [Eur24, Theorem 1.5], where it is announced that f∗

∧d SL is isomorphic to∧d SL/n, when n is not a coloop, whereas the proof only yields that these vector bundles
share the same rank.

Our methods are heavily inspired by that of [Eur24], but our argument requires some
new computation of homomorphisms between various vector bundles. In particular, we will
produce a map from

∧d SL/n to the direct image f∗
∧d SL and salvage [Eur24, Theorem 1.5]

in Lemma 3.8. It turns out these exterior powers of SL are the only vector bundles whose
direct images we need explicit descriptions for. Using this, we deduce Theorem B, which is
sufficient to salvage the vanishing statements for exterior powers of SL and QL from [Eur24,
Theorem 1.2]. Moreover, by some homological algebra manipulations, we show that any
hook-shaped Schur powers of QL has vanishing higher cohomology in Proposition 3.17,
salvaging in particular the vanishing statements for symmetric powers of QL from [Eur24,
Theorem 1.3]. Finally, while we cannot fully salvage [Eur24, Theorem 1.6], we will show in
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Appendix A that the space of global sections f∗
∧d QL does have the same dimension as

that of H0(
∧d−1 QL\n ⊕

∧d QL/n). The main obstacle of going beyond global sections is
we cannot find an explicit map between the two vector bundles in question. We will also
separate out a simplified argument to obtain higher vanishing for exterior powers of

∧d QL

without an explicit description of the direct image of
∧d QL.

A somewhat special and yet illustrative example throughout this section is the case when
we take L to be a general hyperplane H ⊆ kE . In this case, the short exact sequence
0 → SH → OE

XE
→ QH → 0 is the pullback along the blow-up map πE : XE → Pn of the

Euler sequence
0 → Ω1

Pn(1) → OE
Pn → O(1) → 0.

The matroid for H is the rank-n uniform matroid Un,E on E. Then the assertion of
Theorem B in this case is that

Hp(Pn, Ωd−1
Pn (d) ⊕ Ωd

Pn(d)) = 0, for p > 0 and d ≥ 0.

In this case, the result also follows from either a computation or applying Bott–Steenbrink–
Danilov vanishing [CLS11, Theorem 9.3.1].

3.1. Tautological bundles on the projective line. This subsection is devoted to study
certain vector bundles P1 preluded in Step 1. Let L be a d-dimensional linear subspace
in kE . Let Gm act on kE by ρ(t) = (1, . . . , 1, t−1), which induces an action on Gr(d, kE).
The Gm-orbit closure Gm ·ρ L is isomorphic to either P1 or a point. Either way, there is a
Gm-equivariant map

jL : P1 → Gm ·ρ L ↪→ Gr(d, kE),
mapping t ∈ Gm to [ρ(t)L].

Definition 3.2. Let S′
L (resp. Q′

L) be pullbacks via the map jL of the tautological sub-
(resp. quotient) bundle on Gr(d,kE).

Similarly we denote by E′
L the direct sum S′

L ⊕ Q′
L. Eur proved in [Eur24, Lemma 3.2,

Remark 3.3]:

Lemma 3.3. Keeping the notation as above, we have two split short exact sequences

0 → S′
L/n⊕0 → S′

L → LS → 0, and 0 → LQ → Q′
L → Q′

L\n⊕L|n → 0,

where S′
L/n is a trivial bundle with fibre L/n, Q′

L\n⊕L|n is a trivial bundle with fibre
kE\n/(L \ n), and finally,

LS =


0, if n is a loop,
O ⊗ k{n}, if n is a coloop,
OPU (−1), otherwise;

LQ =
{

0, if n is a loop or coloop,
OPU (1) otherwise.

Here, in the last cases, the line bundles come from pulling back along an isomorphism
P1 ≃ PU with U = (L \ n)/(L/n) ⊕ k.
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Recall that for 2-dimensional vector space U , we have the identification H0(PU,OPU (d)) =
Symd U∨ for d ≥ 0 and H1(PU,OPU (d)) = H0(OPU (−2 − d))∨ = 0 for d ≥ −1.

Lemma 3.4. Keeping the notation as above, we have
(i) H1(P1,

∧d E′
L) = 0 for all d ≥ 0. and

H0(
d∧
E′

L) ≃
d∧

[L/n ⊕ kE\n/(L/n) ⊕ k].

(ii) H1(P1,LS ⊗
∧d Q′

L) = 0 for all d ≥ 0.

Proof. Statement (i). If n is a loop or a coloop, then one can check that E′
L is trivial with

fibre identified as L/n ⊕ kE/n/(L/n) ⊕ k by Lemma 3.3, so the result follows. Henceforth
assume n is neither a loop nor a coloop. Upon choosing a splitting of the two short exact
sequence in Lemma 3.3, we have a noncanonical isomorphism

E′
L ≃ [L/n ⊕ kE\n/(L \ n)] ⊗ OP1 ⊕ LS ⊕ LQ.

Splitting
∧d E′

L into line bundles, we obtain
d∧
E′

L ≃
d∧

[L/n ⊕ kE\n/(L \ n)] ⊗ OP1

⊕
d−1∧

[L/n ⊕ kE\n/(L \ n)] ⊗ [LQ ⊕ LS ] ⊕
d−2∧

[L/n ⊕ kE\n/(L \ n)] ⊗ LQ ⊗ LS .

In particular, any summand has degree at least −1, which gives the first assertion.
Next, taking the determinant of the Euler sequence for PU , one obtains an isomorphism
H0(LS ⊗ LQ) = det U = (L \ n)/(L/n). Then, taking global section of

∧d E′
L yields

H0(
d∧
E′

L) =
{

d∧
[L/n ⊕ kE\n/(L \ n)] ⊕

d−1∧
[L/n ⊕ kE\n/(L \ n)] ⊗ (L \ n)/(L/n)

}

⊕
{

d−1∧
[L/n ⊕ kE\n/(L \ n)] ⊕

d−2∧
[L/n ⊕ kE\n/(L \ n)] ⊗ (L \ n)/(L/n)

}

=
d∧

[L/n ⊕ kE\n/(L/n) ⊕ k],

Here, the last isomorphism follows from the decomposition

kE\n/(L/n) ⊕ k = kE\n/(L \ n) ⊕ (L \ n)/(L/n) ⊕ k,

which comes from taking global section of Q′
L. The second assertion follows.

Statement (ii). The strategy here is similar. The bundle LS ⊗
∧d Q′

L is again trivial
when n is a loop or coloop. When n is not a loop or coloop, we choose, by Lemma 3.3, a
splitting

Q′
L ≃ LQ ⊕ kE\n/(L \ n) ⊗ OP1

The line bundle direct summands in
∧d Q′

L can have degree 0 and 1. Therefore, the line
bundles in LS ⊗

∧d Q′
L have degree at least −1; this gives the second assertion. □
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3.2. Vanishing results for higher direct images. Consider the pullback f∗SL\n; this
is the T -equivariant vector bundle on XE whose fibre over t ∈ PT is t−1(L/n ⊕ 0), so
we have an identification SL/n⊕0 = f∗SL/n and QL/n⊕0 = f∗QL/n ⊕ O

{n}
XE by [BEST23,

Proposition 3.6]. There is an injective map

ϵ1 : f∗SL/n → SL,

which is the induced from the inclusion L/n ⊕ 0 ↪→ L. We denote by

L1 = ker ϵ1 = the T -equivariant quotient of SL on XE

whose fibre at t ∈ PT is t−1L/(t−1L/n ⊕ 0).

We have the following diagram of short exact sequences of vector bundles on XE ,

(3.2.1)

0

0 L1

0 f∗SL/n O
E\n
XE ⊕ O

{n}
XE f∗QL/n ⊕ O

{n}
XE 0

0 SL OE
XE

QL 0

L1 0

0

ϵ1 ϵ2

Here, the map ϵ2 is the natural T -equivariant quotient map, whose fibre at the identity
of PT is the surjection kE/(L/n ⊕ 0) → kE/L. Applying the snake lemma, we can also
identify L1 ≃ ker ϵ2.

Taking the direct sum of the first and third columns of Diagram (3.2.1), we obtain the
four-term exact sequence

(3.2.2) 0 → L1 → f∗(EL/n ⊕ OXE\n
) ϵ1⊕ϵ2−−−→ EL → L1 → 0.

Here, we will denote
G = im(ϵ1 ⊕ ϵ2) ≃ QL ⊕ f∗SL/n,

and the second isomorphism here comes from inspecting Diagram (3.2.1).
Additionally, projecting L to the two direct summands of kE\n ⊕ k{n} gives rise to an

embedding L ↪→ L \ n ⊕ L|n. This in turn induces a surjection QL → QL\n⊕L|n. Similarly,
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denote by

N1 = ker(QL → QL\n⊕L|n) =
the T -equivariant subbundle of QL on XE

whose fibre at t ∈ PT is
(t−1L \ n ⊕ L|n)/t−1L.

Then, N1 is either is a line bundle or zero. Dualising, we arrive at the short exact sequence
(3.2.3) 0 → Q∨

L\n⊕L|n → Q∨
L → N∨

1 → 0.

We wish to compute the (higher) direct images under f of L1, N∨
1 , and exterior powers

of EL and G. The key to connecting the computation in §3.1 to these higher direct images
is the theorem of cohomology and base change. We only need a weaker statement

Proposition 3.5 (Cohomology and base change). Let g : X → Y be a proper morphism of
schemes, with Y reduced and locally Noetherian. Assume F is a coherent sheaf on X that
is OY -flat, and, for some integer p, hp(Xt,F|Xt) is a locally constant function with respect
to t ∈ Y . Then the higher direct image Rpg∗F is locally free with fibre t ∈ Y isomorphic to
Hp(Xt,F|Xt).

A proof can be found in, for example, [EGA III1, Théorème 3.2.1]. We also need the
following;

Lemma 3.6 ([Eur24, Lemma 2.5, Proposition 2.6]). Let F be an ordered set partition of
E \ n with ℓ parts, and t ∈ T ′. Recall from Proposition 2.3 that the fibre C = f−1(tpF) has
components C(t, i) = (t, 1).P1

F(i).
(i) The restriction of SL to the component P1

F(i) is given by S′
LF(i)

, where we recall LF(i)
is defined in Eq.2.2.4.

(ii) Moreover, the bundles SL|C and QL|C are trivial if n is a loop or coloop and
nontrivial at one component otherwise. In the latter case, there exists exactly one
k ∈ [ℓ] so that SL|C(t,i) is nontrivial.

Combining the previous two results as well as Lemma 3.4 gives the following. This
argument is already given in [Eur24], but we will present it for completeness.

Lemma 3.7. We have the following vanishing results for direct images:
(i) For any d ≥ 0, Rif∗

∧d EL = 0 for all i > 0 and f∗
∧d EL is a vector bundle of rank

dim
d∧

[L/n ⊕ kE\n/(L/n) ⊕ k];

in particular, Rif∗(
∧a SL ⊗

∧b QL) = 0 for i > 0 and a, b ≥ 0.
(ii) Rif∗L1 = 0 for all i > 0, and f∗L1 = OXE\n when n is a coloop, and 0 otherwise.

(iii) Rif∗N
∨
1 = 0 for i ≥ 0.

(iv) Rif∗
( ∧d L1 ⊗ QL

)
= 0 for all i > 0 and d ≥ 0.

Proof. Statement (i). Taking into account the relative dimension of f , it is enough to
show R1f∗

∧d EL = 0. Without loss of generality, we can assume the fibre has the form
C = f−1(pF) for some ordered partition F. By Statement (ii) of Lemma 3.6, the restriction
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SL|C is nontrivial on at most one component. But QL is trivial if and only if SL is, so EL

is also nontrivial on at most one component, say, P1
F(k). [Eur24, Theorem 2.5] says E′

LF(k)

is the restriction EL to P1
F(k). As a matter of notation, we set L′ = LF(k).

Taking a normalisation of the nodal curve C, one obtains a short exact sequence

0 → OC →
⊕

i

ν∗OP1
F(i)

→
⊕

i

Oν
pi

/Opi → 0.

Twisting by
∧d EL and taking cohomology yields the short exact sequence

0 → H0(C,
d∧
EL) → H0(P1

F(k),
d∧
EL′) ⊕ W →

⊕
j

d∧
EL|p

Fj

→ H1(C,
d∧
EL) → H1(P1

F(k),
d∧
EL′) = 0, where W =

⊕
i̸=k

H0(P1
F(i),

d∧
EL|P1

F(i)
).

Here the last vanishing uses the Statement (i) of Lemma 3.4. Since EL is trivial along
components F(i) for i ≠ k, the third term and W have the same dimension, say, e.
Additivity of Euler characteristics yields χ(C,

∧d EL) + e = h0(P1
F(k),

∧d EL) + e. This
gives h1(C,

∧d EL) = h0(C,
∧d EL) − h0(P1

F(k),
∧d EL) ≥ 0. On the other hand, if a section

s ∈ H0(C,
∧d EL) is such that the restriction s|P1

F(k)
vanishes, then by evaluating s at

points pFk and pFk+1 , we see that s vanishes everywhere on C; therefore h0(C,
∧d EL) is

at most h0(P1
F(k),

∧d EL). Therefore the previous inequality is an equality, so that we get
h1(C,

∧d EL) = 0, and

h0(C,
d∧
EL) = dim

d∧
[L′/n ⊕ kE\n/(L′/n) ⊕ k].

Combining the second assertion with the observation dim L′ = dim L, one deduces that
the dimension of H0(f−1(p),

∧d EL) is independent of the point p ∈ XE\n. By cohomology
and base change the two assertions follow.

Statement (ii). We have that L1 equals the trivial bundle OXE
when n is a coloop and

0 when n is a loop. Thus the assertion follows readily in these cases. Henceforth assume
n is not a loop or coloop. As before, consider a point pF for an ordered set partition F

with ℓ parts, and C = f−1(pF) be the corresponding fibre. The restriction f∗SL/n is visibly
trivial along the whole fibre C. By Lemma 3.6, the restriction SL|C is nontrivial on exactly
one component of C, say, P1

F(k). Restricting to P1
F(k) and applying Lemma 3.6 to the first

and second terms of the column of Diagram (3.2.1), we get a short exact sequence

0 → S′
L′/n⊕0 → S′

L′ → L1|P1
F(k)

→ 0, where L′ = LF(k)

Looking at the first exact sequence in Lemma 3.3, we see that L1|P1
F(k)

≃ LS ≃ OP1
F(k)

(−1),
where the second equality is because n is not a loop or coloop. In particular, the line
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bundle L1 restricted to P1
F(k) has no cohomology in any degree. For j ̸= k, we have

L1|P1
F(j)

≃ OP1
F(j)

, thanks again to Lemma 3.6.
Twisting the normalisation exact sequence of C by L1 and taking cohomology, we have

an exact sequence

0 → H0(C,L1) → H0(P1
F(k),OP1

F(k)
(−1)) ⊕ WL →

⊕
1<j<ℓ

κ(pFj ) → H1(C,L1) → 0

where we denote WL =
⊕

i̸=k H0(P1
F(i),

∧d EL) ≃
⊕

i̸=k k. The map WF →
⊕

1<j<ℓ κ(pFj )
is an isomorphism for the same reason as before. Therefore, H0(C,L1) = H1(C,L1) = 0.
By cohomology and base change, we have that f∗L1 = 0.

Statement (iii). Turning to the direct image of N1, we make the following adjustments
to the proof of Statement (ii). When n is a loop or coloop, we have that N1 = 0, since
L → L \ n ⊕ L|n is an isomorphism. When n is not a loop or coloop, by the same argument
as in Statement (ii), we observe that Sequence (3.2.3) restricts to the P1-component P1

F(k)
of the fibre C as

0 → Q′∨
L′\n⊕L′|n → Q′∨

L′ → N∨
1 |P1

F(j)
≃ L∨

Q → 0, where L′ = LF(k)

which is dual to the the second short exact sequence in Lemma 3.3. By Lemma 3.6,
N∨

1 restricts to the trivial bundle on all components P1
F(j) for j ̸= k and O(−1) on the

component P1
F(k). This puts us in the same situation as the final paragraph of the argument

for Statement (ii).
Statement (iv). The argument for Statement (i) can be applied directly to this case.

Except that we quote Statement (ii) of Lemma 3.4 instead of Statement (i). □

3.3. Running the induction. We first give deletion-contraction formulae for the direct
images of exterior powers of SL and Q∨

L. The formula involving SL also appeared as [Eur24,
Theorem 1.5], but with a different proof.

Lemma 3.8. Let L ⊆ kE be a linear subspace. Then

(i). f∗

d∧
SL ≃

{∧d(SL/n ⊕ OXE\n
), if n is a coloop;∧d SL/n, if n is not a coloop.

(ii). f∗

d∧
Q∨

L ≃
{∧d(Q∨

L\n ⊕ OXE\n
), if n is a loop;∧d Q∨

L\n, if n is not a loop.

Proof. Statement (i). When n is a loop, we have an isomorphism SL = SL/n⊕0 ≃ f∗SL/n.
Therefore the assertion follows from the projection formula and the fact that f∗OX = OX\n.
When n is a coloop, we have that L1 = OXE

. Moreover, that n is a coloop implies the
existence of a vector v ∈ L ∩k{n} gives a section v : OXE

→ SL. This gives an identification
SL ≃ f∗SL\n ⊕ O

{n}
XE

≃ f∗SL/n ⊕ O
{n}
XE

, where we note the isomorphism L/n ≃ L \ n when
n is a coloop.
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Assume from now on n is not a loop or coloop. Considering the pushforward of the
exterior power of the first column of Diagram (3.2.1) along f , we obtain an exact sequence

0 →
d∧

SL/n

f∗
∧d

ϵ1−−−−−→
d∧

f∗SL → f∗(L1 ⊗
d−1∧

f∗SL/n) ≃ f∗L1 ⊗
d−1∧

SL,

where we have used the projection formula in the first and third term. But by Statement (ii)
of Lemma 3.7, the rightmost term in the sequence above vanishes, and the claimed
isomorphism is given by f∗

∧d ϵ1.
Statement (ii). When n is a loop or coloop, the assertion is clear from the identity

QL ≃ QL\n⊕L|n. The latter equals f∗(QL\n⊕OXE\n
) when n is a loop, and f∗QL\n ≃ f∗QL/n

when n is a coloop. Thus the assertion is clear from the projection formula.
When n is not a loop or coloop, we consider pushing forward Sequence (3.2.3) along f

and obtain

0 →
d∧
Q∨

L\n → f∗

d∧
Q∨

L → f∗N
∨
1 ⊗

d−1∧
Q∨

L.

The last factor vanishes by Statement (iii) of Lemma 3.7. The claim follows. □

Remark 3.9. Here, the case for Q∨
L cannot be deduced from applying the standard

Cremona pullback with cohomology and base change under consideration. This is because
the commuting diagram

XE XE

XE\n XE\n

Crem

f f

Crem

is not Cartesian. This can be observed from the big open tori.

Chopping the four-term sequence (3.2.2), we arrive at two short exact sequences

0 → L1 → f∗(EL/n ⊕ OXE\n) ϵ1⊕ϵ2−−−→ G → 0, and
0 → G → EL → L1 → 0.

Taking exterior powers gives two short exact sequences

0 →
d∧
G →

d∧
EL

∧d(ϵ1⊕ϵ2)
−−−−−−−→ L1 ⊗

d−1∧
G → 0, and(*)

0 → L1 ⊗
d−1∧

G → f∗
d∧

(EL/n ⊕ OXE\n) →
d∧
G → 0.(**)

We single out some useful pieces of computation, which will be used more than once in
the proof of Theorem B.

Lemma 3.10. In the case when n is not a loop, we have the following isomorphisms for
i ≥ 0,

f∗(L1 ⊗
i∧
QL) = detQL/n ⊗

n+1−r−i∧
Q∨

L\n ≃ detQL/n ⊗ detQ∨
L\n ⊗

i−1∧
QL\n.
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Proof. When n is not a loop, L1 is a line bundle and we have the identity L1 ≃ det SL ⊗
f∗ det S∨

L/n ≃ detQ∨
L ⊗ f∗ detQL/n by taking determinants of the first and third columns

of Diagram (3.2.1). For i ≥ 0, we can write

f∗(L1 ⊗
i∧
QL) ≃ f∗(

n+1−r−i∧
Q∨

L ⊗ f∗ detQL/n)

≃ detQL/n ⊗ f∗

n+1−r−i∧
Q∨

L ≃ detQL/n ⊗
n+1−r−i∧

Q∨
L\n,

where the second isomorphism comes from the fact that for a rank-e vector bundle E, one
has the identity

∧d E ⊗ detE∨ ≃
∧e−d E∨; moreover, the last isomorphism comes from

Statement (ii) of Lemma 3.8. □

This Lemma is already enough for one to prove by induction the higher cohomology
vanishing

∧d QL, d ≥ 0; see Appendix A. For Theorem B, we additionally need the following
push-pull computation.

Corollary 3.11. When n is not a loop, we have

f∗(L1 ⊗
d∧
G) =

⊕
a+b=d

n+1−r−a∧
Q∨

L\n ⊗
r−1−b∧

S∨
L/n

Proof. By Lemma 3.10, we have

f∗(L1 ⊗
d∧
G) ≃

⊕
a+b=d

f∗(L1 ⊗
a∧
QL ⊗ f∗

b∧
SL/n)

≃
⊕

a+b=d

f∗(L1 ⊗
a∧
QL) ⊗

b∧
SL/n ≃

⊕
a+b=d

n+1−r−a∧
Q∨

L\n ⊗
r−1−b∧

S∨
L/n,

which is the claimed identity. □

Proof of Theorem B. We proceed by induction on the cardinality of the ground set E. The
base case is trivial, so we assume n ≥ 1. We run the following Leray spectral sequence

Ep,q
2 = Hp(XE\n, Rqf∗

d∧
EL) ⇒ Hp+q(XE ,

d∧
EL).

By Statement (i) of Lemma 3.7, we know that
∧d EL has vanishing higher direct images.

This gives an isomorphism Ep,0
2 ≃ Hp(XE ,

∧d EL). Therefore, it suffices to show f∗
∧d EL

has vanishing higher cohomology.
Case n is a loop. Here, we have L1 = 0. Therefore, the map ϵ1 ⊕ϵ2 : f∗(EL/n ⊕OXE\n

) →
EL is an isomorphism. By the projection formula, we have

Ep,0
2 ≃ Hp(XE\n,

d∧
(EL/n ⊕ OXE\n

)) ≃ Hp(XE\n,
d∧
EL/n) ⊕ Hp(XE\n,

d−1∧
EL/n) = 0

where the last equality is given by the inductive hypothesis. Therefore the vanishing
statements follow.
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Henceforth, we will deal with the cases when n is not a loop. Therefore, L1 will be a
line bundle. Pushing forward Sequences (*) and (**) along f we obtain

0 → f∗

d∧
G → f∗

d∧
EL → f∗(L1 ⊗

d−1∧
G) → 0, and(†)

0 → f∗(L1 ⊗
d−1∧

G) →
d∧

(EL/n ⊕ OXE\n) → f∗

d∧
G → 0.(††)

Here, we used the fact that L1 ⊗
∧d−1 G and

∧d G have vanishing higher direct images, for
projection formula and Statements (i) and (iv) of Lemma 3.7 gives for i > 0,

Rif∗

d∧
G ≃

⊕
a+b=d

(
Rif∗

a∧
QL

)
⊗

b∧
SL/n = 0, and

Rif∗(L1 ⊗
d−1∧

G) ≃
⊕

a+b=d−1
Rif∗(L1 ⊗

a∧
QL) ⊗

b∧
SL/n = 0.

The strategy here is to control the cohomology of f∗(L1 ⊗
∧d−1 G). Once this is done, we

will inspect the long exact sequence in cohomology for Sequences (†) and (††) to obtain
the desired vanishing statements.

Case n is a coloop. In this situation, deletion and contraction by n is the same. More
precisely, the inclusion L/n → L \ n is an isomorphism. Therefore, applying Corollary 3.11,
we have that for i > 0,

H i(XE\n, f∗(L1 ⊗
d−1∧

G)) ≃
⊕

a+b=d−1
H i(XE\n,

n+1−r−a∧
Q∨

L\n ⊗
r−1−b∧

S∨
L/n)

≃
⊕

a+b=d−1
H i(XE\n,

n+1−r−a∧
Q∨

L\n ⊗
r−1−b∧

S∨
L\n)

≃
⊕

a+b=d−1
H i(XE\n,

n+1−r−a∧
SL⊥/n ⊗

r−1−b∧
QL⊥/n) = 0,

where the third isomorphism comes from pulling back by the standard Cremona transform,
and the last vanishing comes from the inductive hypothesis. Now, taking cohomology of
Sequence (††) and applying the inductive hypothesis again, we see that f∗

∧d G also has
zero higher cohomology

H i(XE\n, f∗

d∧
G) ≃ H i+1(XE\n, f∗(L1 ⊗

d−1∧
G)) = 0, for i > 0.

Turning to Sequence (†) and taking cohomology, we get, for i > 0, an exact sequence

H i(f∗

d∧
G) → H i(f∗

d∧
EL) → H i(f∗(L1 ⊗

d−1∧
G)).

But we have shown that the first and third term vanishes; therefore, the middle term must
vanish, giving the assertion.
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Case n is not a loop or coloop. Consider the following diagram of short exact sequences
of vector bundles in XE\n,

(3.3.1)

0

0 L2

0 SL/n O
E\n
XE\n

QL/n 0

0 SL\n O
E\n
XE\n

QL\n 0

L2 0

0

δ1 δ2

Here, the map δ1 is induced from the inclusion L/n ↪→ L \ n. Here, we take

L2 = coker(δ1) = the T ′-equivariant quotient of SL\n over XE\n

whose fibre at t ∈ PT ′ is (t−1L \ n)/(t−1L/n).

This is also the kernel of δ2, thanks again to the snake lemma. Moreover, since n is not
a loop or coloop, the inclusion L/n → L \ n is strict of relative dimension 1, L2 is a line
bundle.

Taking the direct sum of first and third row of Diagram (3.3.1), we obtain the 4-term
exact sequence

0 → L2 → EL/n
δ1⊕δ2−−−→ EL\n → L2 → 0,

where we set H to be im(δ1 ⊕ δ2) ≃ SL/n ⊕ QL\n.

Taking exterior powers, we obtain, for any d ≥ 0, the short exact sequences

0 →
d∧
H →

d∧
EL\n → L2 ⊗

d−1∧
H → 0, and(‡)

0 → L2 ⊗
d−1∧

H →
d∧
EL/n →

d∧
H → 0.(‡‡)

By the inductive hypothesis, the middle terms in Sequences (‡) and (‡‡) have no higher
cohomology. Taking cohomology of Sequence (‡) and (‡‡) in an alternating way, we arrive
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at two chains of isomorphisms for any d ≥ 0,

H1(XE\n,L2 ⊗
d−1∧

H) ≃ H2(XE\n,
d∧
H) ≃ H3(XE\n,L2 ⊗

d−1∧
H) ≃ · · · , and

H1(XE\n,
d∧
H) ≃ H2(XE\n,L2 ⊗

d−1∧
H) ≃ H3(XE\n,L2 ⊗

d−1∧
H) ≃ · · · ,

both of which must end with 0 by Grothendieck vanishing. In particular, any exterior
power of H has no higher cohomology; therefore, we have

(3.3.2) H i(XE\n,
a∧
SL/n ⊗

b∧
QL\n) = 0 for any i > 0 and a, b ≥ 0.

Applying Corollary 3.11 and pulling back by the standard Cremona transform, we have
that for i > 0,

H i(XE\n, f∗(L1 ⊗
d−1∧

G)) ≃
⊕

a+b=d−1
H i(XE\n,

n+1−r−a∧
Q∨

L\n ⊗
r−1−b∧

S∨
L/n)

≃
⊕

a+b=d−1
H i(XE\n,

n+1−r−a∧
SL⊥/n ⊗

r−1−b∧
QL⊥\n) = 0,

thanks to Eq.(3.3.2).
Finally, we can return to Sequences (†) and (††). By the inductive hypothesis, we

have that the middle terms of Eq.(††) have no higher cohomology, for all d ≥ 0. Taking
cohomology of Sequence (††), we obtain

H i(XE\n, f∗

d∧
G) ≃ H i+1(XE\n, f∗(L1 ⊗

d−1∧
G)) = 0 for all i > 0 and d ≥ 0.

Now, turning to Sequence (†). Taking cohomology and noting that the first and third term
in the sequence have no higher cohomology, we get that

Hp(XE ,
d∧
EL) = Hp(XE\n, f∗

d∧
EL) = 0,

for all p > 0 and d ≥ 0. □

3.4. Application to Tutte polynomials. To a rank-r matroid M on the finite set E,
one can associate its Tutte polynomial TM [Cra69]. It is defined as

TM(x, y) =
∑

A⊆E

(x − 1)r−rkM(A)(y − 1)#A−rkM(A).

When E has cardinality greater than 1, the Tutte polynomial TM satisfies the following
deletion-contraction property, given n ∈ E,

(3.4.1) TM(x, y) =


x TM/n(x, y) if n is a coloop in M,
y TM\n(x, y) if n is a loop in M,
TM/n(x, y) + TM\n(x, y) if n is neither a loop nor a coloop in M.
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Let M(L) be the matroid associated to the linear subspace L ⊆ kE of dimension r. As
an application of Theorem B, we give a formula for the Tutte polynomial for the matroid
M(L).

Proposition 3.12. Let L ⊆ kE be a linear subspace of dimension r that satisfies Condi-
tion (LL). Consider the polynomial

hL(u, v) =
∑
p,q

h0(
p∧
SL ⊗

q∧
QL) upvq.

We have

hL(u, v) = v#E−rTM(L)(u + 1, v−1 + 1) =
∑

A⊆E

ur−rkM(A)v#E\A−(r−rkM(A)).

What is essentially the same formula, but with equivariant Euler characteristic in place of
h0, is given in [FS12, Theorem 5.2]. The formula above also generalises [Eur24, Theorem 1.2].
More precisely, granting the Proposition, one can obtain the following formulae when one
of the variables is set to 0:

hL(u, 0) = (u + 1)#coloops(M), and hL(0, v) =
∑

A⊆E
A contains a basis

v#E−#A

Here, the first identity comes from considering the deletion-contraction formula (3.4.1) for
TM(L).

Proof of Proposition 3.12. By Theorem B, we can write

hL(u, v) =
∑
p,q

χ(
p∧
SL ⊗

q∧
QL)upvp.

Since S∨
L and Q∨

L have simple Chern roots in the sense of [BEST23, Section 10], the
right-hand term is also equal to

(u + 1)r(v + 1)#E−r
∫

XE

c(S∨
L, 1

u+1)c(QL, − 1
v+1)(1 + α + α2 + . . . )

= v#E−rTM (u + 1, v−1 + 1),

thanks to [BEST23, Theorem A and Theorem 10.5], giving the first equality. The second
equality follows from the definition of TM(L) above. □

Remark 3.13. In [Bau+25, Theorem 3.1], the authors considered the polynomial FM(x, y, z, w),
which is defined by taking the reciprocal polynomial in variables x, y of the multidegree∫ T

XE

cT (S∨
M, z)cT (QM, w) 1

1 − xα

1
1 − yβ

∈ Z[te : e ∈ E][x, y, z, w],
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where we have taken into account the identification H∗
T (pt) ≃ Sym N∨

E ≃ Z[te : e ∈ E].
Then, as polynomials over Z[te : e ∈ E][u, v], one has∑

p,q

ch |1+t0,...,1+tnH0(
p∧
SL ⊗

q∧
QL) upvp =

The coefficient at y-degree 0 of y#E−1FM

(
1,

1
y

,
1

u + 1 ,
−1

v + 1

)
,

where ch |u0,...,un(V ) is the character of the T -representation of V evaluated at u0, . . . , un.
The characteristic polynomial of a rank-r matroid M is

χM(u) = (−1)rTM(−u + 1, 0).
Specialising the identity in Proposition 3.12 to v = −1, negating the variable u, and
applying the Koszul resolution in Corollary 2.9, we obtain:
Corollary 3.14. Keeping the notation and assumptions , we have

χM(L)(u) =
r∑

p=0
(−u)r−ph0(WL,

p∧
S∨

L),

where χM(L) is the characteristic polynomial of the matroid M(L).

3.5. Vanishing theorems for hook-shaped Schur functors. This subsection is logically
independent from the rest of the paper. Here, Schur powers of vector bundles will be
considered. To fix convention, we refer to Chapter 2 of [Wey03] for a construction.

One application of Theorem B is removing the characteristic-0 assumption in the special
case of Theorem C where one take WL = XE and k = 1 and λ1 is a hook. It will be a
consequence of the following generalisation of a trick due to [Bro97; Bri09].
Lemma 3.15. Let X be a finite-type k-scheme, and
(3.5.1) 0 → E → V ⊗ OX → F → 0
a short exact sequence of vector bundles on X, where V is a finite-dimensional k-vector
space. Given an integer t ≥ 0 and a flat coherent sheaf G on X, the following are equivalent:

(i) Hp(X,G ⊗ Symq F) = 0 for p > t and q ≥ 0.
(ii) Hp(X,G ⊗

∧q E) = 0 for p − q > t.
Proof. Let e = rkE and f = rkF. By [Wey03, Proposition 5.1.1], we have a Koszul
resolution of OTotF∨ as an OV ×X -module,

0 → p∗
2 detE → p∗

2

e−1∧
E → · · · → p∗

2E → OX×V → OTotF∨ → 0,

where the map p2 is the projection X × V → X. Pushing forward to X and applying the
projection formula with the identity p∗OX×V ≃ Sym V under consideration, we get an
exact sequence

K : 0 → detE ⊗ Sym V →
e−1∧

E ⊗ Sym V → · · · → E ⊗ Sym V → Sym V → SymF → 0.
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The natural Gm-actions on E and F makes this a graded resolution; let

K(q,G) : 0 → G ⊗
q∧
E → G ⊗

q−1∧
E ⊗ V → · · · → G ⊗ Symq V → G ⊗ Symq F → 0

be the qth graded piece twisted by G.
Assuming (i), we prove (ii) by induction on q. When q = 0, the conclusion is clear,

for Hp(X,G) = 0 for p > t by assumption. Now assume q > 0, the inductive hypothesis
implies that

Hp−q+j+1(X,G ⊗
j∧
E ⊗ Symq−j V ) = 0, for 0 ≤ j < q and p > q + t.

As a result, chopping K(q,G) into short exact sequence and taking cohomology, we get
that for p > q + t, the map

Hp−q(X,G ⊗ Symq F) → Hp(X,G ⊗
q∧
E)

is surjective. But the assumption is that the left-hand term vanishes, so the desired
vanishing follows. That (ii) implies (i) is a direct consequence of Fact 2.10. □

We recall the following; see e.g. [Wey03, Exercise 2.2]:

Fact 3.16. Let M be a finite free module over a k-algebra A. Fix q > 0. The Koszul
complex

0 →
q∧

M →
q−1∧

M ⊗ M → · · · → M ⊗ Symq−1 M → Symq M → 0

is split exact, with the cycles in
∧q−i M ⊗ Symi M given by Sq−i+1,1i−1

M .

We now give a case where the conclusion of Theorem C holds in positive characteristic.

Proposition 3.17. Keeping the assumptions and notation as in Theorem B, let λ be a
hook. We have H i(XE , SλQL) = 0 for i > 0.

Taking λ = (1d), we have SλQL = Symd QL, so this Proposition gives higher vanishing
for symmetric powers of QL and recovers [Eur24, Theorem 1.3] as promised in Remark 3.1.

Proof. Write λ = (q − i+1, 1i−1) for some q ≥ i > 0. Applying Theorem B and Lemma 3.15
with G =

∧k QL, we have that Hp(XE ,
∧q−i QL ⊗ Symi QL) = 0 for p > 0. The complex

in Fact 3.16 globalises readily to the case where M is replaced by the vector bundle QL.
Chopping the complex into short exact sequences and taking cohomology yield the desired
vanishing. □

Remark 3.18 (The Carter–Lusztig resolution). Let k be a field of characteristic p > 0
and E a vector bundle on a finite-type k-scheme X with absolute Frobenius Fabs : X → X.
Carter and Lusztig [CL74, p. 235]2 constructed a resolution of the Frobenius pullback F ∗

absE

2Their construction of Weyl module V λ is in our language Sλ′
E∨ with λ′ the conjugate partition. Our

presentation here follows [Ara04], which agrees with Weyman’s convention.
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by Schur powers associated with hooks:

0 → F ∗
absE → S(p−1,1)E → S(p−2,12)E → · · · → SλE → 0,

where λ = (p−N, 1N ) with N = min{p−1, rkE−1}. Taking a linear subspace L ⊆ kE and
applying the Carter–Lusztig resolution to E = QL and X = XE , this resolution becomes
acyclic. It follows that

H i(XE , F ∗
absQL) = 0, for i > min{p − 2, n − r − 1}.

4. Logarithmic geometry and Orlik–Solomon algebras
The section is devoted to studying the Orlik–Solomon algebra via the logarithmic

geometry of the pair (WL, DL) for a linear subspace L ⊆ kE over an arbitrary field k.

4.1. Degeneration of the Hodge–de Rham sequence. Before saying more about the
Orlik–Solomon algebra, we first give a quick proof of Statement (i) of Theorem A, which
we recall below:

Theorem 4.1. Let k be a field and L ⊆ kE be a linear subspace satisfying Condition (LL).
Then at the E1 page of the Hodge–de Rham spectral sequence (Hdg) we have

Hq(WL, Ωp
WL

(log DL)) = 0, for all q > 0.

Proof. By flat base change [Stacks, Lemma 02KH], we can take k to be algebraically closed,
so that the assumptions of Proposition 2.8 and Corollary 2.9 are satisfied. Tensoring the
Koszul resolution in Corollary 2.9 by

∧q S∨
L, we obtain an exact sequence

0 →
q∧
S∨

L ⊗ detQ∨
L → · · · →

q∧
S∨

L ⊗ Q∨
L →

q∧
S∨

L →
q∧
S∨

L|WL
→ 0.

Combining Fact 2.10 with the Cremona transform applied to the statement of Theorem B,
we obtain the vanishing

H i(WL,
q∧
S∨

L) = 0, for all i > 0.

Let p > 1 be given. Taking cohomology of exterior powers of Sequence (2.2.2) from
Statement (ii) of Proposition 2.8, and applying the vanishing of higher cohomology of∧q S∨

L|WL
, we obtain a chain of isomorphisms

Hp(Ωq
WL

(log DL)) ≃−→ Hp+1(Ωq+1
WL

(log DL)) ≃−→ Hp+2(Ωq+2
WL

(log DL)) ≃−→ · · · ,

but this chain has to end with 0, thanks to Grothendieck vanishing. □

Remark 4.2. When k has positive characteristic, and one replaces (WL, DL) with any log
smooth pair (X, D), the E1-degeneration of the spectral Sequence

Ep,q
1 = Hq(X, Ωp

X(log D)) =⇒ Hp+q(X, Ω•
X(log D))

is not always guaranteed. One sufficient condition, due to Deligne and Illusie [DI87], is that
k is a perfect field with char k ≥ dim X, and the pair (X, D) admits a lift to the second
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Witt vectors W2(k). However, the assumption does not always hold even for pairs (WL, DL)
of our interest. For example, it breaks when we take L to be a representation of PG(n, 2)
with n = dim WL > 2. One might want to interpret Theorem A as failure of the Hodge–de
Rham sequence (Hdg) to be an obstruction to lifting arrangements to characteristic 0.

Remark 4.3. When k = C, Deligne’s argument for the isomorphism Hk(Ω•
WL

(log DL)) →
Hk

sing(PL◦)C involves showing the map of complexes Ω•
WL

(log DL) → j∗Ω•
PL◦ is a quasi-

isomorphism; see [Del71, §3.1.7]. One might ask in Theorem A if the hypercohomology
Hi(Ω•(log DL)) can be replaced by the algebraic de Rham cohomology H i

dR(PL◦) :=
Hi(WL, j∗Ω•

PL◦) of the arrangement complement. In positive characteristic, the answer is
an emphatic no: with the Cartier operator, it is not too hard to see H•

dR(PL◦) is mostly
infinite-dimensional as a k-vector space. For instance, if one takes k = F̄p and L = k2, then
PL◦ ≃ Speck[x, x−1] is the complement of the projectivised rank-2 Boolean arrangement,
and H1

dR(PL◦) is a free k[xp, x−p]-module generated by tp−1dt.

4.2. Comparison theorems. We recall some notation from the introduction. Let Hi be
the ith coordinate hyperplane of Pn restricted to PL, cut out by a linear form xi ∈ L∨.

We denote by ei the basis vectors of ZE , and eS = es1 ∧· · ·∧esk
∈

∧k ZE , for an ordered
subset S = {s1 < · · · < sk} ⊆ E. Given a linear space L ⊆ kE without loops, one can
associate to it the Orlik–Solomon algebra

OS•(L) :=
∧• ZE

⟨∂eS : S ⊆ E is dependent⟩ ,

where ∂ denotes the usual Koszul differential on
∧• ZE , defined by

∂eS =
k−1∑
i=0

(−1)ieS\sk−i
, for an ordered subset S = {s1 < · · · < sk} ⊆ E.

The reduced Orlik–Solomon algebra OS•(L) is the differential subalgebra generated by the
submodule {

∑
aiei :

∑
ai = 0} ⊆ OS1(L).

The rest of the section is devoted to proving Statement (ii) of Theorem A, which is a
comparison theorem across the reduced Orlik–Solomon algebra, the global logarithmic
forms, and the logarithmic de Rham cohomology of (WL, DL).

Theorem 4.4. The following three graded-commutative k-algebras are isomorphic
(i) The reduced Orlik–Solomon algebra OS•(L)k of L.

(ii) The exterior algebra H0(Ω•
WL

(log DL)) graded by the naïve filtration.
(iii) The logarithmic de Rham cohomology

⊕
i Hi(Ω•

WL
(log DL)) with cup product multi-

plication.

For starters, note that the linear forms xi are unique up to homothety. We shall construct
a map from the Orlik–Solomon algebra to the space of global logarithmic forms that is
invariant under scalings of xi.
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Since L intersects the torus T ⊆ kE nontrivially, denote by L◦ the intersection L ∩ T
and Ξ = (x1, . . . , xn) the map L◦ → T . Consider the assignment

ℓ 7→ (d log Ξ(ℓ) : TℓL
◦ DℓΞ−−→ TΞ(ℓ)T

·Ξ(ℓ)−1
−−−−→ T1T = kE).

where ℓ ∈ L. This defines the logarithmic Gauss map:

Γ◦
L : PL◦ → Gr(r, kE), [ℓ] 7→ im d log Ξ(ℓ).

See [Kap93, Proposition 3.2.3] and [HKT06, §2] for details. It is not hard to check that
the log Gauss map Γ◦

L is given by [ℓ] 7→ [ℓ−1L]. Therefore Γ◦
L extends to the wonderful

variety WL as the composite

ΓL : WL ⊆ XE
ϕL−−→ Gr(r, kE),

where ϕL is given in Eq.(2.2.1).
The system of coordinates Ξ on T induces a trivialisation of the cotangent bundle of T

with coframe

d log x1, . . . , d log xn ∈ T ∨
1 T = H0(Gr(r, T1T ), S∨), where d log xi := dxi

xi
.

For convenience, also denote by d log xi the pullback of d log xi along ΓL. We consider the
map

(4.2.1) ν : OS•(L)k → H0(WL,
•∧
S∨

L); ei 7→ d log xi.

Lemma 4.5. The map ν is a well-defined homomorphism of commutative differential
graded algebra.

Proof. The standard argument, see for example [OT92; Lev04], carries over mutatis mu-
tandis. We give a sketch for completeness. If S = {s1, . . . , sk} is a dependent set. Then
there is a nontrivial linear relation xsk

=
∑

1≤i≤k−1 cixsi so that one can write

d log xsk
=

∑
1≤i≤k−1

cixsi

xsk

d log xsi .

Then one computes

ν(∂eS) =
∑

1≤j≤k

(−1)j−1(d log xs1 ∧ · · · ∧ d log x̂sj ∧ · · · ∧ d log xsk
)

=
(
(−1)k−2 ∑

1≤j≤k−1

cjxsj

xsk

+ (−1)k−1
)

d log xs1 ∧ · · · ∧ d log xsk−1 = 0.

Therefore ν descends to an graded-commutative algebra homomorphism. It is also clear
that the map ν respects the differentials. □

Proposition 4.6. The map ν is an isomorphism.
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Proof. We have the following commuting diagram:∧•(kE)∨ OS•(L)k

H0(XE ,
∧• S∨

L) H0(WL,
∧• S∨

L)

ν

where the left vertical arrow comes from applying the exterior algebra functor to (kE)∨ ⊗
OXE

→ S∨
L and taking global section. The bottom arrow comes from restriction of global

sections.
We say a word about surjectivities in the diagram. First, there is a filtration on the

kernel
∧k(kE)∨ →

∧k S∨
L, where the associated graded is

∧a S∨
L ⊗

∧b Q∨
L for a + b = k

and 0 ≤ a ≤ k − 1. By Theorem B, all the associated graded have vanishing H1, so the
kernel has no H1 either. This gives surjectivity of the left vertical arrow. Next, considering
twisting the Koszul resolution in Proposition 2.9 by

∧k S∨
L, one deduces from Fact 2.10

and Theorem B that the bottom horizontal map has zero cokernel. Therefore, the map ν
has to be surjective.

By Corollary 3.14, we have that h0(WL,
∧k S∨

L) computes the characteristic polynomial
of the matroid of L. However, the coefficient of the characteristic polynomial is also the
dimension of OSk(L)k [Yuz01, Corollary 2.11, Corollary 4.6]. Hence ν is an isomorphism. □

Proof of Theorem 4.4. By Theorem 4.1 and the Hodge–de Rham spectral sequence, we
immediately deduce that Item (ii) is isomorphic to Item (iii). It suffices to show Item (i) is
isomorphic to Item (ii). The generator d log xi is dual to the derivation xi

∂
∂xi

.
Combining Corollary 3.14 and the exterior powers applied to Sequence (2.2.2), we get

that
∑

k h0(Ωk
WL

(log DL))uk computes the reduced characteristic polynomial of the matroid
of L. But this is also the dimension of OSk(L)k. Therefore it is enough to show ν restricts
to an injection ν ′ : OS•(L)k → H0(Ω•

WL
(log DL)).

Taking cohomology of Sequence (2.2.2)

0 → H0(Ω1
WL

(log DL)) → H0(WL, S∨
L) → H0(OWL

) → 0,

where the third map map is now given by contraction against the Euler vector field
∑

i xi
∂

∂xi
.

Therefore the kernel of contraction is subspace

H0(Ω1
WL

(log DL)) =
{ ∑

i

aid log xi :
∑

i

ai = 0
}

,

but this is also the image of OS1(L)k under ν by definition. Since OS•(L)k is generated in
degree 1, we have the desired inclusion ν(OS•(L)k) ⊆ H0(Ω•

WL
(log DL)). □

Example 4.7 (Boolean arrangements). Let k be a field and L = kE . By definition, the
arrangement complement is PT and the wonderful compactification WL is the permutohedral
variety XE . The boundary divisor of the compactification is the toric boundary DE of XE .
Recall that NE is the cocharacter lattice of PT , and denote by NE,k = NE ⊗ k. Since XE
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is a smooth projective toric variety, the bundle of log 1-forms Ω1
XE

(log DE) is trivial, with
a canonical identification Ω1

XE
(log DE) ≃ NE,k ⊗ OX ; see [CLS11, §8.1]. Taking global

section, one deduces that H0(Ω•
XE

(log DE)) ≃
∧• NE,k.

Moreover, the logarithmic de Rham complex is given by

0 → OXE
→ NE,k ⊗ OXE

→
2∧

NE,k ⊗ OXE
→

3∧
NE,k ⊗ OXE

→ · · ·

with trivial differential; therefore, the log algebraic de Rham cohomology H•(Ω•
XE

(log DE))
is also given by

∧• NE,k.
Finally, the matroid associated to L is the Boolean matroid Un+1,E on the set E. There

are no dependent sets in the matroid Un+1,E , so the reduced Orlik–Solomon algebra OS(L)
is given by

∧• e⊥
E ≃

∧• NE , where we identify NE and e⊥
E using the standard dot product

on ZE . Reducing to k gives back the same algebra as in the previous two paragraphs.

Example 4.8 (Rational points on the projective line). Let q be a prime power and k = F̄q

be an algebraic closure of Fq. Let PL be the row span of the 2-by-(q + 1) matrix(
1 1 · · · 1 0
0 1 · · · q − 1 1

)
inside Pq

k.

Then PL is a projective line in Pq
k and the intersection PL ∩

∑
Hi is the 0-dimensional

subscheme of Fq-points in PL. In the strict transform, one still sees WL ≃ P1 and
DL ≃ P1(Fq). Let ωW ≃ O(−2) be the canonical bundle of WL, so that Ω1

WL
(log DL) =

ωW (DL) = OP1(q − 1).
Let [x : y] be a standard system of coordinates on P1. The log canonical linear series

H0(ωW (D)) contains linearly independent differential forms

(4.2.2) d log x − d log(cx + y), for all c ∈ Fq.

These differential forms give the degree-1 piece of the reduced Orlik–Solomon algebra
OS(PG(1, q)).

Since q > 1, the line bundle Ω1
WL

(log DL) = O(q − 1) has no H1, so H0(Ω•(log DL)) ≃
H•(Ω•

WL
(log DL)). By Riemann-Roch, the space H0(ωW (D)) is q-dimensional, so the forms

in Eq.(4.2.2) also constitute a basis for H0(ωW (D)). The computation in this example
generalises readily to the case where the linear subspace L is two-dimensional.

Before giving the next example, we first introduce a combinatorial gadget. Fix a matroid
M on ground set E with ordering <, we say a subset S ⊂ E is a broken circuit if it is of the
form C − min C for some circuit C of M. An nbc-set of M is a basis of M that contains no
broken circuits of M. Fix the ordering 0 < 1 < · · · < n. It is well-known that a monomial
basis for the reduced Orlik–Solomon algebra is given by the set of reduced nbc-monomials,

(4.2.3)
{
(es1 −e0)∧· · ·∧(esk

−e0) | S = {s1, . . . , sk} ⊆ [n] such that S ∪ 0 is an nbc-set.
}

See [OT92, Section 3.2] for details.
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Figure 2. Fano plane P̌2(F2)

Example 4.9 (Linear series of cubics passing through the Fano plane). We work in
characteristic 2. This example is due to Serre and popularised by Hartshorne in [Har77,
Exercise III.10.7]. Consider the linear series |U | ⊆ |O(3)| of plane cubics in P2 containing
Z = P2(F2). Then |V | is 2-dimensional with base locus Z. Let W ⊂ P2 × PV ∨ be the
graph of the evaluation map ϕ|V | : P2 99K PV ∨. Then the projection to the first factor
p1 : W → P2 is given by blowing up P2 at Z, so W is the wonderful variety associated
to arrangement of the lines defined over F2 in P2; let ∆ be the divisor given by sum of
these lines. The matroid associated to W is the Fano matroid PG(2, 2). Denote by α the
pullback of a general hyperplane, and E the exceptional divisor of the blow up p1. The
boundary divisor of the compactification W is D = p−1

1 ∆ + E.
We can directly deduce that Ωi

W (log D) has no higher cohomology, for i = 0, 1, 2. For
i = 0, the assertion is trivial. By [Lan19, Proposition 11.1], there is a short exact sequence

(4.2.4) 0 → OW (3α − E) → Ω1
W (log D) → OW (α) → 0.

Denote by IZ the ideal sheaf
⊕

p∈Z mP of Z. By [Art66, Theorem 4], we have that
Rip1,∗O(−E) equals to IZ when i = 0 and vanishes for i > 0, so by the Leray spectral
sequence and projection formula, we get H i(W,O(3α − E)) ≃ H i(P2, IZ(3)). The linear
series |V | is given V = H0(IZ(3)), which is 3-dimensional. Furthermore, we have h0(O(3)) =
10 and h0(OZ(3)) = 7. Combining the previous two sentences and counting dimensions
gives H>0(IZ(3)) = 0. Then, taking cohomology of Sequence (4.2.4), one deduces the claim
for i = 1. The argument for the case i = 2 is the similar, which we will omit. Applying
the claim to the Hodge–de Rham spectral sequence (Hdg), one get the isomorphism
H0(Ω•

W (log D)) ≃ H•(Ω•
W (log D)).

Next, we compare the Betti numbers of H0(Ω•
W (log D)) with that of OS(PG(2, 2)).

Combining Sequence (4.2.4) and the vanishing statements from the previous paragraph,
one deduces that

h0(Ω1
W (log D)) = h0(IZ(3)) + h0(O(1)) = 3 + 3 = 6, and

h0(Ω2
W (log D)) = h0(IZ(4)) = 8.

In Figure 2 , the labelled nodes represent points in P̌2(F2), i.e., lines in P2 defined over F2.
The edges represent hyperplanes in P̌2(F2); two nodes share an edge if the corresponding
lines in P2 meet at a point. For example, Line 3, 4, and 5 meet at a point. Under the
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ordering 0 < 1 < · · · < 6, the nbc-sets are

0, 1, 2, 3, 4, 5, 6,

01, 02, 03, 04, 05, 06,12, 13, 14, 34, 25, 35, 16, 26,

012, 013, 014, 016, 025, 026, 034, 035.

Here, the underlined subsets of the nbc-sets are subsets S that give rise to reduced nbc-
monomials in Eq.(4.2.3). Therefore, the vector space OSi(PG(2, 2)) = H0(Ωi

W (log D)) for
i = 1, 2 are respectively generated by logarithmic forms

d log x1
x0

, d log x2
x0

, . . . , d log x6
x0

, and,

d log x1
x0

∧ d log x2
x0

, d log x1
x0

∧ d log x3
x0

, . . . , d log x3
x0

∧ d log x5
x0

,

where we write d log xi/xj = d log xi − d log xj .

Remark 4.10 (Works of Langer and Große-Klönne). The space W in Example 4.9 is the
compactification of a Deligne–Lusztig variety inside the variety Fl3 of complete flags in
k3 = F3

2 [Lan19, Proposition 7.1]. The set of logarithmic forms we have produced coincides
with the basis of the logarithmic de Rham cohomology that Große-Klönne gave in [Gro05].

4.3. Other compactifications. Recall that over the complex numbers, the right-hand of
sequence (Hdg) computes the Betti cohomology Hk

sing(PL◦)C of the arrangement comple-
ment PL◦, and the mixed Hodge structure on Hk

sing(PL◦) is independent of the choice of the
compactification [Del71, Théorème 3.2.5.(ii)]. Furthermore, by [Del71, Proposition 3.1.8],
given any smooth projective compactification PL◦ with simple normal crossings boundary
D, the logarithmic de Rham cohomology H•(PL◦, Ω•

PL◦(log D)) computes the reduced
Orlik–Solomon algebra OS(L) of the linear space L.

When the ground field is no longer C, this is the most general form of an analogous
statement we find:

Corollary 4.11. Keeping the assumptions and notation as in Theorem 4.1. For i = 1, . . . , e,
let Yi be a nonsingular projective variety over k and Di ⊂ Yi a simple normal crossings
divisor. Assume there exists a commutative diagram of blow-ups and blow-downs along
centres which are strata of the pairs (Yi, Di):

Y1 Y3 Ye−1

Y0 = WL Y2 · · · Ye

b1 b2 b3 be

so that D2i+1 = b−1
2i+1D2i = b−1

2i+2D2i+2 as reduced subschemes for all i. Then for all
i = 0, . . . , e, we have H>0(Yi, Ω•

Yi
(log Di)) = 0 and

OSk(L)k ≃ H0(Yi, Ωk
Yi

(log Di)) ≃ Hk(Yi, Ω•
Yi

(log Di)).
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Proof. By the proof of [Bri09, Lemma 2.1], we have for all i,

Ω1
Y2i+1(log D2i+1) ≃ b∗

2i+1Ω1
Y2i

(log D2i) ≃ b∗
2i+2Ω1

Y2i+2(log D2i+2).

One can proceed by induction on i. The case i = 0 is done. Henceforth assume i > 0.
If i is odd, we apply the identity Rbi,∗OYi ≃ OYi−1 and the projection formula to get the
equalities Hp(Ωq

Yi−1
(log Di−1)) = Hp(Ωq

Yi−1
(log Di−1)) for all p, q ≥ 0. If i is odd, we apply

the identity Rif∗OYi ≃ OYi+1 instead to get the same equalities. In both cases, the assertion
will follow from the inductive hypothesis. □

An interesting class of varieties that arises this way include wonderful compactifications
attached to arbitrary building sets in the sense of de Concini and Procesi [DP95]. Consider
the linear subspace Lm = km−1/(1, . . . , 1) ⊆ k(m−1

2 ), where for 1 ≤ i < j ≤ m − 1, the
ij-factor of the embedding is v 7→ vi − vj . This gives the braid arrangement Bm−1 on Lm.
By [DP95, Section 4.3], there exists a building set for which the wonderful compactification
is the Deligne–Mumford–Knudsen moduli space M0,m of stable rational curves with m
marked points. Moreover, the wonderful variety WLm is a blow-up of M0,m so that the
inverse image of the boundary divisor ∂M0,m = M0,m − M0,m to WLm equals the boundary
divisor DLm of WLm [Eur24, Lemma 4.2]. The space M0,m is a smooth projective scheme
over SpecZ, and ∂M0,m is a simple normal crossings divisor relative to SpecZ. As a matter
of notation, write Ω•

log = Ω•
M0,m

(log ∂M0,m).

Corollary 4.12. Over SpecZ, we have ring isomorphisms

OSk(Bm−1) ≃ H0(M0,m, Ωk
log) ≃ Hk(M0,m, Ω•

log).

Proof. Since M0,m is smooth and projective over SpecZ and ∂M0,m is relative simple
normal crossings over SpecZ, the formation of the de Rham complex Ω•

log and the Hodge
filtration commutes with arbitrary base change. We refer to [Stacks, Lemma 0FM0] for the
nonlogarithmic case, and the argument carries over mutatis mutandis in the logarithmic
case. In particular, we have Hk(M0,m, Ω•

log) ⊗ k ≃ Hk(M0,m × k, Ω•
log) for a field k.

The same can be said for WLm and Ω•
WLm

(log DLm)). First, note that the map ν ′ from
the proof of Theorem 4.4

ν ′ : OS•(Bm−1) → H0(W, Ω•
WLm

(log DLm)) ≃ H0(M0,m, Ω•
log)

can be constructed over Z and is stable under base extension. Applying Corollary 4.11,
we get that ν ′ is surjective upon base changing to any field. By structure theorem of
finitely generated abelian groups, one deduces that ν ′ is surjective; tensoring by Q and
noting the freeness of OS(Bm−1), one also deduces that ν ′ has zero kernel. This uses the
first isomorphism. For the second isomorphism, we similarly have natural homomorphism
H0(M0,m, Ωk

log) → Hk(M0,m, Ω•
log) arising from the Hodge–de Rham spectral sequence is

also an isomorphism once base changing to a field. Now we can conclude by the exact
same argument. □
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5. Vanishing theorems via Kempf collapsing
In this section, we adapt the approach of Kempf and Weyman to study collapsings

of vector bundles. The idea of those authors is to combine syzygy calculation with
considerations of positivity to analyse certain affine varieties. By contrast, our plan towards
Theorem C is to exploit the fact that these affine varieties have rational singularities to
obtain vanishing statements. Our convention for Schur powers follows Chapter 2 of [Wey03].

5.1. Recollections on the Kempf–Weyman geometric technique. For our applica-
tions the base of vector bundles will always be wonderful varieties, but we introduce the
setup agnostically. Let X be a projective variety, and E a vector bundle over X whose dual
E∨ is globally generated. Denote by V the affine space H0(X,E∨)∨. The Kempf collapsing
of the vector bundle E is the image Y of the total space E = TotE under the projection
q : X × V → V :

E Y ⊆ V

X.

q

p

Loosely speaking, Y is the affine variety swept out by E along X. When X is smooth, the
map q gives a resolution of singularities of Y as long as it is birational.

Example 5.1. Let L be a basepoint-free line bundle on a projective variety X. Put
V = H0(X,L)∨. Then the image of the Kempf collapsing

q : TotL∨ → Y ⊆ V

is the affine cone over the image of the evaluation map ϕ|L| : X → PV . Even in this basic
case, the map q can detect positivity properties of L. For example, L is ample if and
only if q is finite away from the origin {0} of V . The forward implication follows from the
finiteness of ϕ|L| and a factorisation of Kempf collapsings:

TotL∨ TotOPV (−1) = Bl0 V V

X PV.

ϕ′

⌟

qP

ϕ|L|

Similarly, the backward implication can be deduced from fppf descending the finiteness of
TotL∨ \ X → V \ {0} along the Gm-torsor V \ {0} → PV .

5.2. Kempf collapsings of tautological bundles.

Warning 5.3. For the remainder of the section, we work exclusively over the complex
numbers.

Fix a linear subspace L ⊆ CE , in addition to a k-tuple of linear subspaces J = (J1, . . . , Jk)
of CE . We consider the vector bundle given by EJ = SJ1 ⊕ · · · ⊕ SJk

. It naturally embeds
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as a subbundle of the T -linearized trivial bundle OXE
⊗ Matk,E , where Matk,E is the

vector space of k-by-E matrices with T acting by diagonal matrices from the right by
t.M = M · diag(t−1). Denote by EL,J the total space of the pullback EJ |WL

and ŶL,J the
Kempf collapsing of EJ |WL

. When L = CE , we simply write EJ = EL,J and ŶJ = ŶL,J .
To the pair (L, J), we can also associate the (k + 1)-tuple L ⊔ J , given by inserting L

into the beginning of J . We will be concerned with the following two Kempf collapsings,

(5.3.1)
EL,J ŶL,J ⊆ Matk,E

WL,

qW

pW

EL⊔J ŶL⊔J ⊆ Matk+1,E

XE .

qX

pX

On the right-hand side the image of the collapsing is T -invariant. More precisely, ŶL⊔J

is the T -orbit closures of (k + 1)-by-E matrices of the form (ℓ, ℓ1, . . . , ℓk), where ℓ ∈ L and
ℓi ∈ Ji. Under the quotient Matk+1,E (Pk)E , the affine variety ŶL⊔J is realised as the
multicone of the subvariety YL⊔J ⊆ (Pk)E given by

YL⊔J = cl.

 ∏
j∈E

[ℓj : ℓj
1 : · · · : ℓj

k] | ℓ ∈ L◦, ℓi ∈ J◦
i

 , where L◦ = L ∩ (C×)E .

Recall that for a normal variety Y over C, a rational resolution is a resolution of singularities
j : Y ′ → Y such that Rij∗OY ′ = 0 for all i > 0. The variety Y is said to have rational
singularities if it admits a rational resolution. Once Y has rational singularities, then any
resolution of singularities of Y is rational.

Lemma 5.2. The variety YL⊔J is normal, Cohen-Macaulay, and has rational singularities.

Proof. By [Li18, Theorem 1.1], the projective variety YL⊔J is multiplicity-free (the exact
formula is not necessary for us, except that the weights are 0-1). The multiplicity criterion
of Brion [Bri03, Theorem 1], see also [BF22, Theorem 4.3], yields the assertion. □

We will use this to show:

Lemma 5.3. Assume that L ⊆ CE is a linear subspace satisfying Condition (LL). Then
the variety ŶL,J is normal and has rational singularities.

Proof. Denote by S = Tot SL. By assumption and Proposition 2.8.(i), the wonderful variety
WL is the degeneracy locus of the section 1T ∈ Γ(QL). Base changing the Cartesian diagram
in Proposition 2.8.(i) by EJ → XE , we have the following diagram where all squares are
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Cartesian:

EL⊔J = S ×XE
EJ AE

XE
×XE

EJ Matk+1,E AE

EL,J = WL ×XE
EJ EJ Matk,E 1

h2

qX

h1 pr1

h′
2

qW

1×XE
EJ

h′
1

Here, pr1 projects a (k+1)-by-E matrix to its first row. The map h1 is the Kempf collapsing
map of the bundle OE

XE
⊕ EJ , and h2 is induced by the inclusion EL⊔J ⊆ OE

XE
⊕ EJ . The

image of qX is ŶL⊔J , and the image of qW is ŶL,J .
Now, we coordinatise Matk+1,E = Spec A with A = C[x0, . . . , xn] ⊗ C[yij , i ∈ [k], j ∈ E]

so that the first row of Matk+1,E has the entries xi and the remaining Matk,E factor has
entries yij . Let 0 be the apex of ŶL,J . There is a quotient map π : ŶL⊔J \ 0 → YL⊔J . We
claim that π restricts to an isomorphism π′ : ŶL,J → U ∩ YL,J , where U is the basic open
chart of (Pk)E given by demanding xi ̸= 0 for all i. To see this, we first note the Cartesian
diagram shows the ideal I(ŶL,J) ⊆ C[yij , i ∈ [k], j ∈ E] is given by dehomogenisation
I(ŶL⊔J)dehom of the ideal I(ŶL⊔J) ⊆ A with respect to all xi. Moreover, π′ is induced by
the isomorphism that identifies dehomogenisation and graded localisation;

k[U ∩ YL⊔J ] = (A/ I(ŶL⊔J))(x0···xn)
≃−→ C[yij , i ∈ [k], j ∈ E]/ I(ŶL⊔J)dehom; yij/xj 7→ yij ,

where the (−)(x0···xn) is the ZE-multidegree-(0, . . . , 0) piece of the localization away from
(x0 · · · xn).

Now, by Lemma 5.2, we know that YL⊔J is normal and has rational singularities, both of
which are local properties. Hence the open subvariety U ≃ ŶL,J is normal and has rational
singularities. □

Set r = dim L and ri = dim Ji for i ∈ [k]. A consequence of ŶL,J having rational
singularities is that we get cohomology vanishing as soon as ŶL,J has expected dimension.

Lemma 5.4. Assume L satisfies Condition (LL) and ŶL,J has dimension r − 1 +
∑

ri.
Then we have
(5.3.2) H i(WL, Symj E ∨

J ) = 0, for all i > 0, j ≥ 0,

and H0(WL, Sym E ∨
J ) is the coordinate ring of ŶL,J .

Proof. Denote E = EL,J and Ŷ = ŶL,J for simplicity. When Ŷ has the expected dimension,
by Chevalley’s theorem qW is generically finite. But the fibre Em of qW over the point
m ∈ Matk,E is given by the linear space closure

Em = cl.{([x], y) ∈ PL◦ ×
∏

i

Ji | mx = y} ⊆ WL × Matk,E .
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Since L is not contained in any coordinate hyperplanes, a fibre Em for a general m ∈ Matk,E

is connected and nonempty, so, by finiteness, a single point. Therefore, qW is birational.
Since qW is a closed embedding followed by projection away from WL, it is proper and
therefore a desingularisation. Since Ŷ has rational singularities by Lemma 5.3, the map qW

is necessarily a rational resolution, meaning R>0qW ∗OE = 0. But now the first assertion
follows from [Wey03, Theorem 5.1.2(b)], which gives an identification

H i(WL, Sym E ∨
J ) = RiqW ∗OE,

for any i. By [Wey03, Theorem 5.1.2(a)], we know that the graded algebra H0(WL, Sym E ∨
J )

is the normalization of the coordinate ring of k[Ŷ ]. Since Ŷ is normal, the last assertion
follows. □

Next, we need a general result that helps removing the assumption on dimension of ŶL,J .

Lemma 5.5. Let E be a vector bundle on WL whose dual is globally generated. Let E♭ be
the total space of E ⊕ O(−β). Then, the Kempf collapsing

qW : E♭ → Y ♭ ⊆ V × AE

is birational into its image Y ♭, where V is the affine space H0(WL, E ∨)∨.

Proof. We simply produce a rational inverse with the map (ℓ, e) 7→ ([ℓ], (ℓ, e)) for ℓ ∈ PL◦

and e ∈ E |[ℓ]. □

Proof of Theorem C. Let di by the number of parts of the partition λi. We consider the
tuple

(5.3.3) J = (J1, . . . , J1, . . . , Ji, . . . , Ji︸ ︷︷ ︸
di

, . . . , Jk, . . . , Jk)

In other words, we take on di copies of SJi for each i ∈ [k]. Since we are working
in characteristic 0, Cauchy’s formula gives a direct sum decomposition; see [Wey03,
Corollary 2.3.3],

Sym(S∨
J )⊕d =

⊕
λ

SλS∨
L ⊗ SλCd

where λ runs over all partitions with at most d parts. Applying this to Sym(S∨
Ji

)⊕di , one
obtains

Sym E ∨
J =

⊕
µ1,...,µk

Cd1,...,dk
µ1,...,µk

⊗ Sµ1S∨
J1 ⊗ · · ·SµkS∨

Jk

where Cd1,...,dk
µ1,...,µk

=
⊗

i SµiCdi , which is nonzero when µi has at most di parts.
Consider (k + 1)-tuple J ♭ = J ⊔ C.1T by append the span of the all-one vector 1T . By

construction, we have EJ♭ = EJ ⊕ O(−β). Therefore, it is enough to show Sym E ∨
J |WL

has
vanishing higher cohomology. But Lemma 5.5 asserts that the Kempf collapsing map is
birational. The result then follows from the assumption on L and the first assertion in
Lemma 5.4. □
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5.4. The proof of our second vanishing result here (Theorem D) is surprisingly quick. We
start with a counterpart of Lemma 5.4:
Lemma 5.6. Consider a smooth projective variety X over C and a vector bundle E over
X whose dual E ∨ is globally generated. Let V = H0(X,E∨)∨ and Y ⊆ V be the image of
the Kempf collapsing qX : E → V , where E = TotE. Suppose qX is generically finite, then

H i(ωX ⊗ detE∨ ⊗ SymE∨) = 0
for i > 0. Moreover, if Y has rational singularity and qX is birational, the relative trace
map TrE/Y gives an isomorphism

TrE/Y : H0(ωX ⊗ detE∨ ⊗ SymE∨) → ωY ,

as k[Y ]-modules, where ωY is the dualising sheaf of Y .
Proof. Denote by pX : E → X the structure map. The canonical bundle of E is given by
the pullback ωE = p∗

X(ωX ⊗ detE∨). By [Wey03, Theorem 5.1.2(b)] we have identifications
RiqX∗ωE = H i(ωX ⊗ detE∨ ⊗ SymE∨), for all i.

When qX is generically finite, by Grauert–Riemenschneider [Laz04a, Theorem 4.3.9], we
have the vanishing RiqX∗ωE = 0, for i > 0, giving the first assertion.

If moreover Y has rational singularity and qX is birational. Since E is smooth, qW is a
rational resolution. Thus Kempf’s criterion [KKMS73, p. 50] tells us relative trace map
TrE/Y : qX∗ωE → ωY is an isomorphism. This gives the second assertion. □

Remark 5.7. The first assertion in the lemma is true when E∨ is replaced by a nef and
big vector bundle—this is the vanishing theorem of Griffiths; see [Laz04b, Theorem 7.3.1
and Example 7.3.3].
Example 5.8. Consider E = EL,L = SL|WL

with X = WL in the lemma above. The
Kempf collapsing is an open subvariety of the Schubert variety YL,L of the pair (L, L) in
the sense of [BF25]. Applying Serre duality and looking at the degree-0 piece of Sym E ,
one recovers the known case of strengthening of Speyer’s f -vector conjecture, proposed in
[Eur24, Remark 1.8],

H i(−KWL
− DL) = 0, for i < r − 1.

The nonstrengthened version is solved in full generality by [BF25]. The quantity hr−1(−KWL
−

DL) is, up to sign twists, the ω-invariant of the matroid M(L) of L in the sense of [FSS24];
see [EL24, Proposition 5.2].
Proof of Theorem D. As before, we consider the tuple J given by

J = (L, . . . , L︸ ︷︷ ︸
d

, J1, . . . , J1, . . . , Ji, . . . , Ji︸ ︷︷ ︸
di

, . . . , Jk, . . . , Jk).

The bundle SJ is a subbundle of the trivial bundle MatN,E ⊗ OXE
where N = d +

∑
i di.

The quotient FJ = (MatN,E ⊗ OXE
)/EJ is globally generated by MatN,E . Consider the

Kempf collapsing
qW : Tot(F ∨

J ⊕ O(−α) ⊕ O(−β))|WL
→ Z ⊆ Mat∨

N,E × AE × AE .
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Thanks to Lemma 5.5, the map qW is birational. Since L satisfies Condition (LL), we
recall that the canonical bundle of XE is given by ωXE

= O(−α − β). By Proposition 2.8
that ωWL

= (ωXE
⊗ detQL)|WL

= detQL(−α − β)|WL
. By Lemma 5.6, we have

H i(WL, Sym[FJ ⊕ α ⊕ β] ⊗ det FJ ⊗ detQL) = 0

Finally, applying Cauchy’s formula to each SymQ⊕di
Ji

yields the desired vanishing. □

Note that the argument for this vanishing result makes no assumption about the Kempf
collapsing Z beyond its dimension.

Remark 5.9 (Vanishing theorem for divisor classes associated to generalised permutohedra).
Let L be a linear subspace of kE satisfying Condition (LL), in addition to a nef divisor D
on XE . Following [EL24], we can define the section ring

R(L, D) =
⊕
ℓ≥0

H0(WL, ℓD)

In recent work [EFL25], Christopher Eur, Alex Fink, and Matt Larson will show that
(i) The ring R(L, D) is graded Cohen–Macaulay and generated in degree 1.
(ii) The image ZL of the evaluation map fDP

: WL → PH0(WL, D) satisfies RfD ∗OWL
=

OZL
.

These authors obtained the statements via Gröbner degenerations and Frobenius splitting.
Keeping the assumptions as in Theorem C, consider a generalised permutohedron P defined
by the Minkowski sum

P = B(J⊥
1 ) + · · · + B(J⊥

k )
of the base polytopes of dual matroids of Ji. The polytope P defines a basepoint-free
divisor DP on the permutohedral variety XE . We have the following positivity results:

a) Theorem C implies that
H i(WL, ℓDP ) = 0, for i > 0 and ℓ ≥ 0.

b) If one of the Ji equals L, then a combination of Theorem C and Fact 2.10 shows
the restriction map H0(XE , ℓDP ) → H0(WL, ℓDP ) is surjective for all k > 0.

c) Let KWL
be the canonical divisor of WL. If the Kempf collapsing qW : EL,J → YL,J

is birational, then, applying Lemma 5.6 to EJ , we have

H i(WL, KWL
+ ℓDP ) = 0, for i > 0 and ℓ > 0.

The Kempf–Weyman technique seems less powerful in this case. We can only deduce
Statement (i) above assuming Statement (ii) and all the conditions in Items b) and c). In
this case, the assertion can be obtained from Serre duality and [EL24, Proposition 4.3].

6. Relationship to White’s conjecture
In the present section, we show how cohomology groups of tautological bundles govern

degrees of generators of toric ideals of matroid base polytopes.
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6.1. Constructing syzygies for a Kempf collapsing. We start by giving a bit more
generalities on Kempf collapsings. Keeping the notation and assumptions as in §5.1, we
have a short exact sequence

(6.1.1) 0 → E → V ⊗ OX → F → 0,

where F is dual to the kernel of the evaluation map V ∨ ⊗ OX ↠ E∨. Denote by S the
coordinate ring Sym V ∨ of V . Weyman constructed a minimal resolution for the Kempf
collapsing Y of E [Wey03, Theorem 5.1.2]:

Proposition 6.1. There exists a minimal complex F• of Z-graded S-modules, with the ith
term given by

Fi =
⊕
j≥0

Hj(X,
i+j∧

F∨) ⊗ S(−i − j).

If the collapsing map q : TotE → Y is birational, then H0(SymE∨) is a normalisation of
the coordinate ring k[Y ] of Y . If moreover SymE∨ has vanishing higher cohomology and
F0 = S, then Y is normal, and the complex F• gives a free resolution of k[Y ].

6.2. Normal presentation of the toric ideal of a matroid. Let M be a matroid on
the ground set E with rank r. We will define the toric ideal IM of M to be the kernel of
the ring map

k[xB : B is a basis of M] → k[x0, . . . , xn]; xB 7→
∏
e∈B

ye.

It is evident that this is the homogeneous ideal cutting out the toric variety XB(M) associated
to the base polytope B(M). In the case when M is a realisable matroid, the projective
variety XB(M⊥) equals, Proposition 2.5, the T -orbit closure of a linear subspace L ⊆ kE

that realises the matroid M.
Denote by OGr(1) the Plücker line bundle on the Grassmannian Gr(r, kE), and OB(M)(1)

the restriction of OGr(1) to XB(M). Let K = H0(Gr(r, kE),OGr(1)) and MB(M) be the
kernel of the composite

K ⊗ OXB(M) → H0(XB(M),OB(M)(1)) ⊗ OXB(M) → OB(M)(1),

where the first map is given by restriction of a section of OGr(1) on Gr(r, kE) to XB(M),
and the second map is given by evaluating the section.

Proposition 6.2. Let M be a connected matroid of rank or r. The following are equivalent
for an integer j > 1:

(i) The toric ideal IB(M) has no degree-(j + 1) minimal generators.
(ii) Hj(XB(M),

∧j+1 MB(M)) = 0.
(iii) H1(XB(M),

∧2 MB(M) ⊗ OB(M)(j − 1)) = 0.

Therefore, weak White’s conjecture is true if and only if Statement (ii) holds for all j > 1.
The equivalence between (i) and (ii) can be construed in terms of Koszul cohomology, but
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we will first give a proof using the Kempf–Weyman technique, which is more akin to the
viewpoint of §5.

Proof. For the equivalence between Item (i) and Item (ii), we consider Example 5.1 with
the following diagram

TotOB(M)(−1)|XB(M) X̂B(M) ⊆ K

XB(M)

q

where q is the Kempf collapsing of the line bundle OB(M)(−1). Since OB(M)(1) is very ample,
the map q is an isomorphism away from the zero section. Therefore, by Proposition 6.1,
the complex F• gives a minimal free resolution of the normalisation of the coordinate ring
k[X̂B(M)], and hence k[X̂B(M)] itself, since White showed B(M) is a normal polytope [Whi77,
Theorem 1]. Now, looking at F1, one deduces that IL is has no minimal generators in
degree j + 1 if and only if Hj(X,

∧j+1 ML) = 0 for j > 1.
For the equivalence between Item (ii) and Item (iii), we look at the short exact sequences

0 → OB(M)(1) ⊗
b−1∧

MB(M) →
b∧

K ⊗ OXB(M) →
b∧
MB(M) → 0

for various b ≥ 0. Twisting by tensor powers of OB(M)(1) and noting that the middle term
always has vanishing higher cohomology, we obtain a sequence of isomorphisms

H1(XB(M),
2∧
MB(M) ⊗ OB(M)(j − 1)) → · · ·

→ Hj−1(
j∧
MB(M) ⊗ OB(M)(1)) → Hj(

j+1∧
MB(M)).

This gives the equivalence between Item (ii) and Item (iii). □

Remark 6.3 (The equivalence between Item (i) and Item (iii) via Koszul cohomology).
Let M′ be the kernel of the evaluation map

H0(XB(M),OB(M)(1)) ⊗ OXB(M) → OB(M)(1).

Recall that White [Whi77, Theorem 1] proved that the toric variety XB(M) is projectively
normal. Therefore, we have
(6.2.1) H1(XB(M),M

′ ⊗ OB(M)(b)) = 0, for b ≥ 1.
By [EL93, Lemma 1.4], Item (i) for j ∈ Z>0 is equivalent to the vanishing

(6.2.2) H1(XB(M),
2∧
M′ ⊗ OB(M)(j − 1)) = 0.

Computing extension classes, one can observe that MB(M) splits as the direct sum M′ with
a trivial bundle,

MB(M) ≃ M′ ⊕ ker[H0(OGr(1)) → H0(OB(M)(1))] ⊗ OXB(M) .
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Therefore, considering Eq.(6.2.1), we see that the condition in Eq.(6.2.2) is equivalent to
Item (iii).

Remark 6.4. It is also true that the toric variety XP associated to any integral polymatroid
base polytope P is projectively normal; see [Wel76, Chapter 18.6, Theorem 3] or [EHL23,
Proposition 3.10].

Turning to the realisable case, we start with the following observation, which is a
consequence of Proposition 2.5; see also [BEST23, Appendix III].

Observation 6.5. When M is realised by a linear subspace L ⊆ kE , the toric variety XB(M)
is the image of the map ϕL : XE → XB(M) introduced in Proposition 2.5. In particular, we
have

(i) RϕL ∗OXE
≃ OXB(M) ; see [CLS11, Theorem 9.2.5].

(ii) detQL ≃ det S∨
L ≃ ϕ∗

LOB(M⊥)(1).

Remark 6.6. In the case when the matroid M is realised by a linear subspace L ⊆ CE ,
the projective normality of XB(M) can also be obtained as a consequence of Theorem C.
Running a Leray spectral sequence with Observation 6.5, we obtain

H i(XB(M),OB(M)(ℓ)) = H i(XE , detQ⊗ℓ
L⊥) = 0, for i > 0 and ℓ ≥ 0,

so the normality of X̂B(M) and Proposition 6.1.

Remark 6.7 (Degree bound on minimal generators of IM). Keeping the notation and
assumption as in Proposition 6.2, we claim that the ideal IM has generators in degree at
most n. This can be obtained by combining the Batyrev–Borisov vanishing theorem [CLS11,
Theorem 9.2.7] and the observation that the the polytope B has no interior lattice points.

In the case when the matroid is realised by a linear subspace L ⊆ kE . Twisting the
sequence at the end of the proof of Proposition 6.2 by det SL⊥ = OB(M)(−1) yields

0 →
j+2∧

ϕ∗
LMB(M) ⊗ det SL⊥ →

j+2∧
K ⊗ det SL⊥ →

j+1∧
ϕ∗

LMB(M) → 0

By Theorem B, the middle term has no higher cohomology. Considering Observation 6.5
again, we have

Hj(XB(M),
j+1∧

MB(M)) ≃ Hj+1(XB(M),
j+2∧

MB(M)) ≃ Hj+1(XE , ϕ∗
L

j+2∧
MB(M)) = 0,

for j ≥ n, since XE has dimension n.

Let M be a matroid realised by a linear subspace L ⊆ kE . Thanks to Item (ii) of
Observation 6.5, we can put a filtration on the vector bundle ϕ∗

LMB(M⊥) with associated
graded

r−i∧
S∨

L ⊗
i∧
QL for 0 < i ≤ r.
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These graded pieces also show up as the direct summands of
∧r E∨

L. At the same time, we
also obtain an induced filtration on ϕ∗

LM
⊗2
B(M⊥) ⊗ detQL, with associated graded

r−i∧
S∨

L ⊗
i∧
Q∨

L ⊗
r−j∧

S∨
L ⊗

#E−r−j∧
QL for all 0 < i, j ≤ r.

It is natural to ask about higher cohomology vanishing of the associated graded of this
filtration; to this end, we propose a stronger prediction regarding minimal generators of
IM⊥ in degree 3.

Conjecture 6.8. Let L ⊆ Cn be a linear subspace of dimension r, then the vector bundle
r∧
E∨

L ⊗
r∧
E∨

L ⊗ detQL ≃
⊕

0≤i,j≤r

r−i∧
S∨

L ⊗
i∧
Q∨

L ⊗
r−j∧

S∨
L ⊗

#E−r−j∧
QL

has vanishing H1. Here, we put EL = SL ⊕ QL, following the notation as in §3.

When char k ≠ 2, a positive answer to Conjecture 6.8 would imply that ϕ∗
L

∧2 MB(M⊥) ⊗
detQL has vanishing H1, which implies that IM⊥ has no minimal generators in degree 3.

One may hope to attack Conjecture 6.8 using the same strategy as we did for Theorem B.
Unfortunately, as we shall explain in below, the strategy of working with exterior powers
of a direct sum of the form

ΨL = S∨
L ⊕ Q∨

L ⊕ S∨
L ⊕ QL.

is likely to fall short. By [EFL25, Example 5.3], there exists a 3-dimensional linear subspace
L ⊆ CE for E = {0, 1, . . . , 11} such that H1(WL,QL) ̸= 0. Considering Fact 2.10, we can
find a natural number 0 < a < #E − r such that

Ha+1(
a∧
Q∨

L ⊗ QL) ̸= 0.

Here, we exclude the cases a = 0 and a = #E − r = n + 1 − r, since it does occur that
H1(QL) = 0 and, by the standard Cremona transform, that

Hn−r+2(
n+1−r∧

Q∨
L ⊗ QL) ≃ Hn−r+2(

n−r∧
Q∨

L) = 0.

While this does not falsify Conjecture 6.8, it does imply there exists a natural number
d ≥ 2 such that the exterior power

∧d ΨL has nonvanishing higher cohomology.

A. Vanishing result on tautological quotient bundles
We give a simplified proof of higher cohomology vanishing for exterior powers of the

tautological quotient bundle QL as well as a deletion-contraction formula for the dimension
of global sections of pushing forward exterior powers of QL. The first assertion also can
also be deduced from Theorem B; we view the second assertion below as a verification of
deletion-contraction identity in [Eur24, Theorem 1.5] up to taking global sections.
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Proposition A.1. Let L ⊆ kE be a linear subspace. For any d ≥ 0, we have the following

(i). H i(XE ,
d∧
QL) = 0 for i > 0.

(ii). h0(XE\n, f∗

d∧
QL) =

h0(XE\n,
∧d(QL\n ⊕ OXE\n

)), if n is a loop;
h0(XE\n,

∧d QL/n), if n is a coloop;
h0(XE\n,

∧d QL/n) + h0(XE\n,
∧d−1 QL\n), if n is not a loop or coloop.

Proof. Considering the Leray spectral sequence

Ep,q
2 = Hp(XE\n, Rqf∗

d∧
QL) ⇒ Hp+q(XE ,

d∧
QL).

Since
∧d QL has vanishing cohomology, it is enough to show Ep,0

2 = 0 for p > 0. We proceed
by induction on n. In the case when n is a loop or coloop, the second assertion is clear from
the identity QL ≃ QL\n⊕L|n and the projection formula. The first assertion also follows
immediately from the inductive hypothesis.

It remains to handle the case when n is neither a loop nor coloop. Taking exterior power
of the short exact sequence from the third column of Diagram (3.2.1) yields

0 → L1 ⊗
d−1∧

QL → f∗
d∧
QL/n ⊕ OXE\n

→
d∧
QL → 0.

Pushing forward along f , we have, thanks to the projection formula and Lemma 3.7, a
short exact sequence

(A.0.1) 0 → f∗(L1 ⊗
d−1∧

QL) →
d∧

(QL/n ⊕ OXE\n
) → f∗

d∧
QL → 0,

where the first term is by Lemma 3.10,

f∗(L1 ⊗
d∧
QL) = detQL/n ⊗ Q∨

L\n ⊗
d−2∧

QL\n.

Therefore, this term fits into the (d − 1)th exterior power of the third column of Dia-
gram (3.3.1) in the following way,

(A.0.2) 0 → f∗(L1 ⊗
d∧
QL) →

d−1∧
QL/n →

d−1∧
QL\n → 0.

By the inductive hypothesis, the second and third items above have vanishing higher
cohomology. Thus, taking cohomology of the sequence above, we obtain

H i(XE\n, f∗(L1 ⊗
d∧
QL)) = 0, for all i > 1 and d ≥ 0.

Taking cohomology of Sequence (A.0.1) and invoking the inductive hypothesis again, we
obtain

Hp(XE\n, f∗

d∧
QL) ≃ Hp+1(XE\n, f∗(L1 ⊗

d∧
QL)), for p > 0.
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But we have shown that the right-hand side vanishes. The left-hand side equals Ep,0
2 ;

therefore, the first assertion follows. To obtain the second assertion, we take cohomology
of Sequences (A.0.1) and (A.0.2), obtaining two four-term exact sequences

0 → H0(f∗(L1 ⊗
d−1∧

QL)) → H0(
d∧

(QL/n ⊕ OXE\n
)) →

→ H0(f∗

d∧
QL) → H1(f∗(L1 ⊗

d−1∧
QL)) → 0, and

0 → H0(f∗(L1 ⊗
d∧
QL)) → H0(

d−1∧
QL/n) → H0(

d−1∧
QL\n) → H1(f∗(L1 ⊗

d∧
QL)) → 0.

Here, all cohomologies are taken in the variety XE\n. Counting dimensions, we obtain

h0(
d∧
QL) = h0(XE\n, f∗

d∧
QL)

= h0(
d∧

(QL/n ⊕ OXE\n
)) − h0(f∗(L1 ⊗

d−1∧
QL)) + h1(f∗(L1 ⊗

d−1∧
QL))

= h0(
d∧

(QL/n ⊕ OXE\n
)) − h0(

d−1∧
QL/n) + h0(

d−1∧
QL\n)

= h0(
d∧
QL/n) + h0(

d−1∧
QL\n).

This gives the second assertion. □
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[Yuz01] S. Yuzvinskĭı, “Orlik-Solomon algebras in algebra and topology,” Uspekhi Mat.
Nauk, vol. 56, no. 2(338), pp. 87–166, 2001 (cit. on p. 29).

Department of Mathematics, University of Toronto, Toronto, ON M5S 2E4, Canada
Email address: ruizhen.liu@mail.utoronto.ca

48/48

https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	1 Introduction
	2 Preliminaries
	3 Characteristic-free vanishing results via pushforwards
	4 Logarithmic geometry and Orlik–Solomon algebras
	5 Vanishing theorems via Kempf collapsing
	6 Relationship to White's conjecture
	A Vanishing result on tautological quotient bundles

