VANISHING THEOREMS ON WONDERFUL VARIETIES

RUIZHEN LIU

ABSTRACT. We study vanishing theorems of tautological bundles in the sense of Berget—
Eur—Spink—Tseng restricted to wonderful varieties. As an application, we prove a
characteristic-independent analogue of Brieskorn’s result on cohomology of arrangement
complements, in addition to a comparison theorem between Orlik—Solomon algebra and
the logarithmic de Rham cohomology of wonderful varieties. In a different direction, we
extend a vanishing theorem of Borel-Weil-Bott type for tautological bundles. Finally,
we reduce the weak version of White’s basis conjecture to a problem about cohomology
vanishing of tautological bundles.
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1. INTRODUCTION

Let k be a field. Write E = {0,...,n} and let L C k¥ be a linear subspace. The purpose
of this paper is to study the positivity of certain vector bundles attached to the linear
subspace L.

1.1. Our starting point is the classical work of Brieskorn [Bri73] from half a century ago.
We consider the linear embedding PL C P™ with a fixed system of homogeneous coordinates
r;,1 € E, on P*. Suppose that we are in the situation

(LL) The subspace L C k¥ is not contained in any coordinate hyperplane of k¥,

Then, denote by H; = {x; = 0} the restriction of the ith coordinate hyperplane to PL; the
H; give rise to a hyperplane arrangement on PL, thanks to Condition (L.L). Additionally,
we denote by
PL® =PL \ U; H;

the arrangement complement. Given a projective hyperplane arrangement {H;};, one can
construct the reduced Orlik-Solomon algebra OS° (L); this is a graded-commutative Z-
algebra whose generators are linear forms f = 3 f;e; on Z¥ satisfying 3_ f; = 0. Brieskorn’s
result is that:

When k = C, there is a graded-commutative algebra isomorphism

0S*(L) — HS,,(PL); f ~ the class of Zfidlog x;.

sing
Loosely speaking, any cohomology class in IPL° can be represented as global
differential forms on PL° with logarithmic poles at infinity.

The topological statement begs the question: can the reduced Orlik—Solomon algebra for
an arrangement over any field k afford a geometric interpretation? The first part of this
paper is to provide an answer to this question, using algebraic geometry.

First, we wish to construe, algebraically, the Betti cohomology Hg,,(PL?). Given a
linear subspace L C k¥ satisfying Condition (L.L), one can construct its wonderful variety
W, (with maximal building set) in the sense of de Concini-Procesi [DP95]. The variety
W is a smooth projective compactification of the arrangement complement PL°, with a
simple normal crossings divisor D;, = Wy \ PL° as boundary. Considering the complex
Oy, (log D) of differential forms on Wy, with logarithmic singularities along Dy, we have
the Hodge—-de Rham spectral sequence,

(Hdg) EYT = HY(W, Q%/L(log Dp)) = HPTI(Wy, w, (log Dr)).

When k = C, the right-hand side equals the Betti cohomology H”-Jrq(IP’LO)(C, and the

Ssin,
spectral sequence always degenerates at E7, thanks to Deligne [Del71, %’roposition 3.1.8].
Moreover, Brieskorn’s result asserts that the canonical inclusion E¥ 0y Hgng(IP’LO)(C is an
isomorphism. Hence the logarithmic de Rham cohomology H* (2}, (log D)) serves as a
potential algebro-geometric surrogate for the Betti cohomology of PL°.
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However, in positive characteristic, even the degeneration of the Hodge—de Rham spectral
sequence is not guaranteed for general smooth varieties; see [Ray78] for counterexamples
and Remark 4.2 for comments. Nonetheless, our first result removes the characteristic-0
assumption on the Fj-degeneration of Sequence (Hdg).

Theorem A. Let k be a field and L C k¥ be a linear subspace satisfying Condition (LL).
Let Wi, be the de Concini—Procesi wonderful variety introduced above, and Dy be its
boundary divisor. Then,

(i) The sheaves of differential forms with logarithmic poles along Dy, have higher
vanishing cohomology; that is, at E1 page of Sequence (Hdg), we have

EYY = HY (Y, (log D)) =0, for all ¢ > 0.
(i) There are canonical isomorphisms of graded-commutative algebra
0S*(L) @k — HO(Q}y, (log D1,)) — H*(Qy, (log Dy)),

where the first map will be defined in §/ and the second map is the edge morphism
of Sequence (Hdg).

An important slogan from the theorem, therefore, would be that the logarithmic de
Rham cohomology of the wonderful variety of a hyperplane arrangement depends only on
its combinatorial type. The result here is inspired by a number of previous works:

1. Over the complex numbers, this reformulation of Brieskorn’s theorem also appeared
in the work of Esnault—Schechtman—Viehweg [ESV92, p. 558]. However, our
proof is purely algebraic, and bypasses the deletion-contraction sequence for Betti
cohomology of PL° used by Orlik—Solomon [OT92, §5.4].

2. For any field k, setting p = dim L—1 in Statement (i) recovers [Eur24, Corollary 1.7].

3. In characteristic £ > 0, one can consider the arrangement A of all Fy-rational
hyperplanes in P . The matroid for A is the projective geometry PG(r, ¢). Langer

observed that thezwonderful variety W, of A agrees with a compactified Deligne—
Lusztig variety [Lan19, Proposition 7.1]. In this case, Statement (i) recovers a result
of Groe-Klénne [Gro05, Theorem 2.3]. In Ibid., Grofie-Klénne also constructed
a basis for the logarithmic de Rham cohomology H*(2y;, (log D4)) in terms of
certain unipotent translates of global logarithmic forms, which in fact agrees with
the known reduced nbc-monomial basis for the reduced Orlik—Solomon algebra
OS°®(A)—this is an illustration of Statement (i).

In characteristic 0, Statements (i) and (ii) of Theorem A hold for any simple normal
crossings compactification of PL°. Unfortunately, without strong resolution of singularities,
we can only generalise Theorem A to any compactification that is related Wy, via blow-ups
and blow-downs along smooth centres; see Corollary 4.11 for a precise statement. However,
compactifications arising this way already include de Concini—Procesi wonderful varieties
attached to arbitrary building sets. The latter includes, for example, the Deligne-Mumford—
Knudsen moduli space My, of stable rational curves with m marked points. We will
deduce an integral version of Theorem A for M ,,; see Corollary 4.12.
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1.2. The first statement of Theorem A is a special case of a more general result involving
certain torus-equivariant vector bundles on the permutohedral toric variety Xg. One can
associate to a linear space L C k¥ its tautological sub- and quotient bundles, denoted
respectively by 8z and Qp, introduced by Berget, Eur, Spink, and Tseng [BEST23|. These
bundles fit into a short exact sequence

08, - kP®0x, =9 —0.
Consider the direct sum €, := 81, ® Q;,. We prove:

Theorem B. Let k be a field and L C k¥ a linear subspace. Then all exterior powers of
&1, have vanishing higher cohomology:
d
Hq(XE,/\EL) =0, forallg>D0.

Equivalently, we have that H (Xg, A\’ S, ® N?Qr) =0 for all i > 0 and p,q > 0.

Taking p = 0 or ¢ = 0 in the second assertion, we recover [Eur24, Theorem 1.2], whose
proof here seemed incomplete; see Remark 3.1 for full discussions. On the other hand,
combining a Koszul resolution of Oy, with the fact that the bundle 8Y |, is an extension
of the trivial bundle Oy, by the log cotangent bundle Q%,VL(log Dy,) allows us to deduce
Theorem A.

Theorem B is obtained from a generalisation of arguments of Eur in [Eur24]. The
strategy is to show that under a deletion map f: Xp — Xp\,, the derived pushforward of

A& along f is concentrated in degree 0 and obeys a recursive pattern.

In another direction, we improve Statement (i) of Theorem A in characteristic 0. Our
line of argument here builds on a series of papers of Berget and Fink [BF18; BF17; BF25].
A key input is the geometric technique, introduced by Kempf [Kem76] and popularised by
Weyman [Wey03]. Our result here is

Theorem C. Fiz a linear subspace L that satisfies Condition (LL), in addition to k linear
subspaces Ji,...,Jy CCF. For everyi=1,...,k, let \; be a partition. Then we have

Hp(WL,S/\lS\}1 ® - ® S’\’“S}k) =0, forallp>0.

In particular, taking £k = 1 and J; = L, one recovers Theorem A over the complex
numbers. If L = C¥, then W, = X, then the assertions recovers [BF22, Theorem 5.1];
moreover, the same assertions still hold if one replaces 8} by Qp, thanks to the standard
Cremona transformation.

In general, when Wy is not the permutohedral variety Xg, we do not expect the
same vanishing to occur after swapping S\jl, with Qj,; for example, it can happen that
HY(Wyg,Qr) # 0.! However, our next result shows that if one considers twisting by
determinants of the bundles Q,, then in fact higher cohomology vanishes:

1VVe thank Matt Larson for pointing this out. The idea here is to notice that QL\WL is the normal
bundle of Wy, in X, and Mnév’s Universality says there exists a linear space I C C¥ that represents a
singular point in the realisation space of its matroid; see the recent work of Eur, Fink, and Larson [EFL25,
Example 5.3] for a further discussion.
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Theorem D. Fix linear subspaces L, Ji,...,J, C CF over the complex numbers as in
Theorem C. Fiz, additionally, a nonnegative number d; for everyi=0,... k. If for every
1, A; 18 a partition with at most d; parts, then,

HP(Wp,,$*Q;, @ SMQy @ - @ S™Q; @
det QPP @ det Q5" @ -+ ® det Q9) =0,  for all p > 0.

Theorem C may be interpreted as a vanishing theorem of Borel-Weil-Bott type, and
Theorem D as one of Manivel type; compare with [Man97]. It should be noted that
the bundle Qp, is seldom ample on Xg, so one cannot deduce the statements by directly
applying vanishing theorems for ample vector bundles by Manivel and others.

Here, the Schur functors are used to simplify notations. In fact, we will mostly deal with
tensor products of symmetric algebras of §;, and then apply Pieri’s rules in the end.

1.3. Finally, we turn to measures of complexity of certain toric ideals wvia tautological
bundles. To a rank-r matroid M with ground set F, we can associate its toric ideal Iy,
defined to be the kernel of the ring map

k[zp, B a basis of M] — Kk[yo,...,yn]; xp+— H Yi-
1€EB
The ideal Iy cuts out the affine cone of the toric variety Xp() associated to the base
polytope B(M) of the matroid M. The weakest version of White’s basis conjecture is the
following; see [Whi77]:

Conjecture 1.1 (White). The homogeneous ideal Iy is generated by quadrics.

In the case where the matroid M is given by a linear subspace L C k¥ of dimension 7,
the statement that toric ideal Iy;1 of the dual matroid M+ has no cubic minimal generators
inspires the following stronger prediction

Conjecture 1.2 (Conjecture 6.8). Let L be a linear subspace of dimension r whose matroid
M(L) is connected. Then the vector bundle

' T
A&l @ N\eEl @detQp
has vanishing H', where, as before, we set &, = 81, © Qy.

If chark # 2 and the conclusion above is satisfied for the linear subspace L, then the
Iyp1 toric ideal has no minimal generator in degree 3, where M is the matroid associated to
the linear subspace L. Despite the similarity with the statement of Theorem B, the reader
will see the proof strategy thereof does not readily generalise to give higher cohomology
vanishing for A" &} @ A" &} ® det Q.

Concerning organisation: we start in §2 with generalities on vector bundles we consider.
Section 3 is devoted to the proof of Theorem B. In §4, we study the Orlik—-Solomon algebra
associated to a linear subspace using the logarithmic Hodge-de Rham spectral sequence,
proving Statements (i) and (ii) of Theorem A in Theorem 4.1 and Theorem 4.4, respectively.
In §5, we adapt the construction of Kempf-Weyman to study collapsings of vector bundles,
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proving in particular Theorem C and Theorem D. Finally, Section 6 is devoted to the weak
White’s conjecture and its strengthening.
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2. PRELIMINARIES

We refer to [CLS11] for basics on toric varieties and [OxI11] for matroid theory.

2.1. The permutohedral variety. Recall that E = {0,...,n}. For S C E, we denote by
eg the sum of basis vectors ) ;cge€; in RE. Let Ng be the lattice ZE/eE, and denote by
eg the image of eg in Ng R.

An ordered set partition F of E is a sequence (F} ..., Fy) of nonempty subsets that

partition E. Given an ordered partition F of E, we also associate to it a flag of subsets
{Gi(F)} of E defined by Gi(F) = U<, Fj.

Definition 2.1. The permutohedral fan Y is a simplicial fan in Ng g whose k-dimensional
cones are

oF = cone {écl(:r), T 7éGk(?)}’

for all ordered set partitions F with k parts. The permutohedral variety Xg is the toric
variety associated to the fan Xg.

We identify Z% as the cocharacter lattice of the algebraic torus T' = G so that N is
the cocharacter lattice of PT = T'/G,,, the big open torus of Xp.
We list some properties of the toric variety Xg:

(i) All cones in X g are spanned by a subset of a basis for the lattice Ng, so the toric
variety Xg is smooth. For t € T, denote by t its image in PT.

(ii) By definition, every set partition F indexes a torus invariant stratum in Xpg, given
by T-orbit of a distinguished point, which we denote by ps. Also denote by Zg the
closure of the stratum. By the orbit-cone stratification, every point in X is given
by t.ps for some ¢t € T and some ordered set partition F of F.

(iii) The variety Xg affords a toric involution map Crem: Xp — Xpg, known as the
standard Cremona transform and determined by ¢ — ' in the big open torus PT.
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(iv) Finally, the fan X5 can be obtained as the first barycentric subdivision of the fan
for P". Thus one can realise Xg as a sequence of blow-ups;

(2.1.1) 7TE:XE:Xn,1—)Xn,2—>--~—)X1—>X0:Pn,

where X;11 — X, is given by blowing up (the strict transform of) i-dimensional
coordinate subspaces.

The last point lets us streamline the definition of wonderful compactifications of hyperplane
arrangements (with maximal building set) in the sense of de Concini and Procesi [DP95].

Definition 2.2. For L C k¥ a linear space satisfying Condition (I.L), the wonderful variety
W, of L is given by the strict transform PL C Xp.

By construction, the wonderful variety Wy, is also an iterated blow-up of the linear
subspace PL, and the blow-down map 7g restricts to an isomorphism on the intersection
PL° = PLNPT. The boundary Dy = Wy, \ PL° is a simple normal crossings divisor [DP95,
§3.1].

For an ordered set partition F = {Fy,--- , Fy} of E\ n, let F(i) be the ordered partition
of E obtained by appending n to Fj, and F* be the ordered partition of E obtained by
inserting {n} between F; and Fj4;.

Let T" be the subtorus GEL\” C GE, and consider the projection f°: GZ — G,’i\” away
from the nth factor. This gives a rational map P" --» P"~! given by [xg : -+ : 2] = |20 :
-+« 1 xp_1], whose base locus is clearly resolved by the blow-up 7g. In fact, the resolution
factors through Xp\,:

Proposition/Definition 2.3. The map f° extends to a flat, projective toric morphism
f: Xp— X E\n-

Moreover, given t € T' and F an ordered set partition of F \ n with ¢ parts, the
fibre C = f~!(t.ps) is a chain U;<;<, C(t,7) of translated rational curves C(t,i) =
(to, .- tn—1, 1).Pér(i), with the component IP’};(Z.) given by

Pflf(z) = pgi U pgit1 U Gm-pﬁ"(i) ~ 0 oo Gy,

We refer to [Eur24, Corollary 2.4] for a proof. The reader will see that the flatness of
f plays an important role in the proof of Theorem B. In [LMO00], the authors considered
Xg as a moduli space of weighted stable rational curve with n + 1 points marked by F
with weights (1,1,¢,...,€) with infinitesimal € > 0; in this case, the map f: Xgp — Xp\,
corresponds to forgetting the weight € point marked by n.

Example 2.4. Consider the deletion map f: Xgp — Xp\, in the case when E = {0, 1,2}
and n = 2. In Figure 1, we describe f on the level of toric strata. The six straight edges
forming a hexagon constitute the toric boundary of X 1 2. The thickened edges in Figure 1
are illustrations of various fibres of f. The curved edge is the fibre over a point ¢ = tpg; in
the big open torus of X 1, which has two points given by intersecting with the two invariant
curves indexed by 2|01 and 012, respectively. On the rightmost side of the picture, we
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Figure 1. An illustration of the map f: Xo,1,2 = Xo,1; strata of the permutohedral
varieties labelled by set partitions.

have the ordered set partition 0|1 of {0, 1} corresponds to a torus fixed point of X ; and is
indicated by the vertex 0|1. The fibre over the point 0|1 is the gluing of two torus invariant
Cuurves—]P’(l)Q‘1 and Pém—along the T-fixed point pg|;jo. Similarly, on the leftmost side, the

union of invariant curves 1|02 and 12|0 gives the fibre over the fixed point 1|0 in X ;.

2.2. Tautological bundles of linear spaces. Recall that k is a field of arbitrary charac-
teristic. Let kZ_ be the dual of the standard representation of the split k-torus 7' = GZ.
This also induces a T-action on Gr(r,k*) given by ¢.[L] = [t7'L] for t € T.

The construction of tautological bundles rest upon the following classical result; see [GGMS87,

Corollary 2.4], [Whi77] and [BEST23, Lemma 3.5]:

Proposition 2.5. Given a linear subspace L C k¥ of dimension r, there exists a unique
T-equivariant map

(2.2.1) ¢r: Xp — T.[L] € Gr(r,k"),

mapping t € PT to [t~1L]. Moreover, the image T.[L] of ¢1, equals the toric variety Xp(r)
associated to the base polytope B(L) of the matroid M(L).

Definition 2.6. The tautological sub- and quotient bundle of the linear subspace L are
respectively

8L = ¢18Gre(r,p), and 9 = ¢19a(r,E),
where 8y, ) (resp. Qan(r,E)) are the tautological sub- (resp. quotient) bundle of Gr(r, k).

The equivariant Euler sequence for the Grassmannian Gr(r, k?) pulls back a short exact
sequence
E

mv

0—38r —kj, ®0x, = 9, — 0.

As a matter of notation, denote by ag the pullback along 7r of a general hyperplane in
P", and Sg the Cremona pullback Crem*ag. In the language of tautological bundles, we
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have Ox, (ag) = Qn and Ox,(Bg) = 8, where ¢, H are respectively a general line and a
general hyperplane in k¥.

Remark 2.7. The divisors ay; and Sy defined in [AHK18, Definition 5.7]—which these
authors used to deduce log-concavity of the reduced characteristic polynomial of a matroid—
are the restrictions of ag and (g, respectively, to a subfan Xy of X g called the Bergman
fan of the matroid M.

The next proposition relates the tautological bundles and the wonderful variety W, in
the two ways; see [BEST23, Theorem 7.10 and Theorem 8.8] for details.

Proposition 2.8. Assume k is algebraically closed. Let L C k¥ be a linear subspace that
satisfies Condition (LL).

(i) The wonderful variety Wy, is the vanishing locus of the section s € T'(Qr) given by
the image of s = (1,...,1) € HO(O’)E(E). That is, we have a Cartesian square

Tot8;, —— A)E(E

[T

WL _— XE
where the top horizontal map is given by inspecting the total space of the embedding
8L C 0%,
(i) Consider the sheaf Q%,VL (log Dy1) of differential 1-forms on Wy, with logarithmic
poles along Dy,. Contracting the section (1,...,1) € H*(Wy,81) against 8} |w,
induces an FEuler-like short exact sequence

(2.2.2) 0 — Qyy, (log D1,) = 8Y|w, = Ow, — 0.

The reader will see in §4 that the short exact sequence can indeed be construed in terms
of logarithmic derivations. The first assertion in Proposition 2.8 also implies:

Corollary 2.9. Keeping the notation and assumptions as in Proposition 2.8. We have a
Koszul resolution
2
(2.2.3) 0—detQy — -+ — \Q} = Q] — Ox, = Ow, — 0.
In particular, we have canonical bundle wyy, is given by (wx, @ det Qr)|w, .

The Koszul resolution above, combined with the following homological algebra fact,
allows us to pass vanishing statements from the permutohedral variety Xz to wonderful
varieties Wr,.

Fact 2.10 ([Laz04a, Proposition B.1.2]). Let X be a finite-type k-scheme and G be a
coherent sheaf on X that is quasi-isomorphic to a bounded complex G°® of coherent sheaves.
For an integer k > 0, then H*(G) = 0 as long as

H(G%) =0, for a,bsuch that a+b = k.
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2.2.1. Matroidal operations and tautological bundles. During the proof of Theorem B,
the following pieces of notation will be useful. Given a linear subspace L C k¥ and a
subset S C E, we denote by L/S the intersection L N kF\S x {0}%, understood as a
subspace of kZ\5; by L \ S the image of L under the projection k¥ — kZ\S: and finally,
by LIS = L\ (E\ S). In matroid theory literature, these operations are respectively
contraction, deletion, and restriction.

Additionally, we denote by L the linear subspace (k/L)Y C (k¥)¥ ~ kP. The linear
subspace L1 gives a realisation of the dual matroid of L. We also note that the tautological
bundles are well-behaved under duality: we have Q; 1 ~ Crem*8} and similarly for 8, ..

We say an element e € E is a loop (resp. coloop) of L if L is contained in the coordinate
subspace kP\¢ x {0}{¢} (resp. L contains the coordinate line ki¢}). In particular, a linear
subspace L C k¥ satisfies Condition (LL) if and only if it has no loops.

Finally, we say a word about restricting tautological bundles to torus invariant subvarieties
in Xp. These pieces of notation will only make brief appearances in §3.2. Given an ordered
set partition F, we denote by

(2:24) Ly = P LIGi(9)/Gi1(F) C PK"

the direct sum decomposition into minors that arises from the flag {G;(F)}.

Proposition 2.11. Under the T-equivariant identification, Zg ~ Xp, X --- Xp,, where T
acts on each factor in the right-hand term by the obvious projection T — GLi, there is a
T-equivariant isomorphism

~ @l
SL‘ZC*” - EEi:lSLGi/Gifl'

We refer to [BEST23, Proposition 3.6 and Proposition 5.3] and [Eur24, Lemma 2.5] for
a proof.

3. CHARACTERISTIC-FREE VANISHING RESULTS VIA PUSHFORWARDS

This section is mainly devoted to the proof of Theorem B. It will be a generalisation of
arguments of Eur in [Eur24]. At the end of the section, we also deduce a Tutte polynomial
identity, and a special case of Theorem C for hook-shaped partitions.

Throughout the section, we will assume k is algebraically closed. The case for arbitrary
fields follows from passing to an algebraic closure, thanks to flat base change [Stacks,
Lemma 02KH].

The strategy towards Theorem B consists of three steps:

1. First of all, we study a variant of tautological bundles of linear spaces, defined on P*.
On a single rational curve, we know a priori, thanks to Birkhoff-Grothendieck, that
the tautological bundles 87, and Qj, restricted to an irreducible rational curve split
into direct sums of line bundles. As a key enhancement, the work of Eur [Eur24]
determines the line bundle summands. Our plan in §3.1 is to work with these
summands and to control cohomology groups of tautological bundles.
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2. For the second step, we recall from Proposition/Definition 2.3 that the deletion
map f is flat and has fibres given by chains of P's. We will introduce some auxiliary
vector bundles £1, N7, L2, on Xg. The vector bundles introduced in Step 1 will
turn out to coincide with the tautological bundles 87, and Qp on Xpg restricted to
a fibre. Therefore, the theorem of cohomology and base change lets us kill higher
direct images of the corresponding vector bundles on X g; see Lemma 3.7 for precise
statements. This will be carried out in §3.2.

3. Finally, the main content of §3.3 is an inductive procedure to derive vanishing
statements for exterior power of 7. Running a Leray spectral sequence and applying
the previous step, we know that it is enough to control the higher cohomology of
the pushforward f, A? €. To this end, we will consider a map

T [ (€pm ® Oxp,) — €L

We use the higher direct image vanishing results from the previous step to compute
explicitly the pushforward of exterior powers of 81, and QY in Lemma 3.8. This will
assists us with understanding kernels and cokernels of the pushforward of various
exterior powers /\d 7; see Lemma 3.10 and Corollary 3.11. Once this is done, we can
leverage the inductive hypothesis to control the cohomology of these kernels and
cokernels of f, A?7, which in turn gives control over the cohomology of fi A2€&y.

Remark 3.1. To obtain the higher cohomology vanishing for A¢Q;, for d > 0, [Eur24]
misses out Step 3 and claims the direct images fx A? Qy, are given by the direct sum of
exterior powers of Qy /,, and Qp\,,. A similar assertion is made for exterior powers of S,

to obtain higher cohomology vanishing for A?Sy: [Eur24, Theorem 1.2]. However, the
argument given there is incomplete.

We now explain the gap in their argument. In the case when n is not a loop or a
coloop, [Eur24, Theorem 1.6] claims that f, /\d Qy, is the vector bundle and isomorphic
to A1 Qr\n @ N Qp/n- The strategy there is to carry out Step 1 and Step 2 to show
that the f, A°Qy is a vector bundle with fibre isomorphic to A" Qy\, ® A?Qp,,, but
this only implies the former is a vector bundle of the same rank as the latter. An identical
gap occurs in [Eur24, Theorem 1.5], where it is announced that f, A?8y, is isomorphic to
/\d 81/n» When n is not a coloop, whereas the proof only yields that these vector bundles
share the same rank.

Our methods are heavily inspired by that of [Eur24], but our argument requires some
new computation of homomorphisms between various vector bundles. In particular, we will
produce a map from A?S; /n to the direct image f. A% 81 and salvage [Eur24, Theorem 1.5]
in Lemma 3.8. It turns out these exterior powers of 8y, are the only vector bundles whose
direct images we need explicit descriptions for. Using this, we deduce Theorem B, which is
sufficient to salvage the vanishing statements for exterior powers of 81, and Qy, from [Eur24,
Theorem 1.2]. Moreover, by some homological algebra manipulations, we show that any
hook-shaped Schur powers of Q; has vanishing higher cohomology in Proposition 3.17,
salvaging in particular the vanishing statements for symmetric powers of Q from [Eur24,
Theorem 1.3]. Finally, while we cannot fully salvage [Eur24, Theorem 1.6], we will show in
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Appendix A that the space of global sections fi A?Qy, does have the same dimension as
that of H°( A0 \n @ ANQ, /n)- The main obstacle of going beyond global sections is
we cannot find an explicit map between the two vector bundles in question. We will also
separate out a simplified argument to obtain higher vanishing for exterior powers of A? Qy,
without an explicit description of the direct image of A4 Qy.

A somewhat special and yet illustrative example throughout this section is the case when
we take L to be a general hyperplane H C k¥. In this case, the short exact sequence
0—8g — O])E{E — Qg — 0 is the pullback along the blow-up map ng: X — P" of the
Euler sequence

0— Qba(1) = 0F — O(1) — 0.
The matroid for H is the rank-n uniform matroid U, r on E. Then the assertion of
Theorem B in this case is that

HP(P", Q8.1 (d) @ Q%.(d)) =0, for p>0and d > 0.

In this case, the result also follows from either a computation or applying Bott—Steenbrink—
Danilov vanishing [CLS11, Theorem 9.3.1].

3.1. Tautological bundles on the projective line. This subsection is devoted to study
certain vector bundles P! preluded in Step 1. Let L be a d-dimensional linear subspace
in k¥. Let G,, act on k¥ by p(t) = (1,...,1,t71), which induces an action on Gr(d, k?).
The G,-orbit closure G, -, L is isomorphic to either P! or a point. Either way, there is a
Gn-equivariant map

jr: P! = Gy, -, L — Gr(d,k?),
mapping t € G, to [p(t)L].

Definition 3.2. Let 8} (resp. Q}) be pullbacks via the map j, of the tautological sub-
(resp. quotient) bundle on Gr(d, k).

Similarly we denote by &} the direct sum 8} & Q). Eur proved in [Eur24, Lemma 3.2,
Remark 3.3]:

Lemma 3.3. Keeping the notation as above, we have two split short exact sequences
0— ‘SIL/nEBO -8, = Ls—0, and 0—Lgo— Q) — Q’L\n@Lm — 0,

where S'L/n is a trivial bundle with fibre L/n, Q/L\neaLm is a trivial bundle with fibre
kP\" /(L \ n), and finally,

0 . . l l
Ls=L0ak™ ifnisa coloop, ) if n is a loop or coloop,

0, if n is a loop,
o= {
Opy(—1), otherwise;

Opy (1)  otherwise.

Here, in the last cases, the line bundles come from pulling back along an isomorphism
P! ~ PU with U = (L\ n)/(L/n) @ k.
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Recall that for 2-dimensional vector space U, we have the identification H°(PU, Opy(d)) =
Sym? UV for d > 0 and H'(PU, Opy(d)) = H(Opy(—2 — d))Y =0 for d > —1.
Lemma 3.4. Keeping the notation as above, we have
(i) H' (P, A\ €,) =0 for alld > 0. and
d d
HO(\ &) = NIL/n & KEV/(L/n) K],
(it) H'(P', L5 @ N*Q}) = 0 for all d > 0.

Proof. Statement (i). If n is a loop or a coloop, then one can check that &7 is trivial with

fibre identified as L/n @ k?/™/(L/n) @ k by Lemma 3.3, so the result follows. Henceforth
assume n is neither a loop nor a coloop. Upon choosing a splitting of the two short exact
sequence in Lemma 3.3, we have a noncanonical isomorphism

= [Ln @ KP/(L\n)] @ Op & Ls @ L.

Splitting A? &" into line bundles, we obtain
d d
NEL = AL/n @K\ /(L \ n)] @ Op:
d—1 d—2
& NL/nak”/(L\n)e[LeeLs)e \[L/nek”"/(L\n)]®Ly®Ls.

In particular, any summand has degree at least —1, which gives the first assertion.
Next, taking the determinant of the Euler sequence for PU, one obtains an isomorphism
H(Ls ® Lg) = detU = (L \ n)/(L/n). Then, taking global section of A? &/ yields

d d d—1
HO(N\€p) = {/\[L/n kP /(L\n)] & A L/n@ k" /(L\n)] @ (L\ n)/(L/n)}
d—1 d—2
® { AL/nek?"/(L\n)] e \L/nek”"/(L\n)] (L\n)/(L/n)}

d
= A\lL/n @ k" /(L/n) & K],
Here, the last isomorphism follows from the decomposition
KV (L/n) @k = K"\ /(L\ n) & (L \ n)/(L/n) &k,
which comes from taking global section of Q. The second assertion follows.

Statement (ii). The strategy here is similar. The bundle £g ® A? Q) is again trivial
when n is a loop or coloop. When n is not a loop or coloop, we choose, by Lemma 3.3, a
splitting

Q) ~ Lo @kP\/(L\ n) ® O
The line bundle direct summands in A% Q’ can have degree 0 and 1. Therefore, the line
bundles in £g @ A% Q’ have degree at least —1; this gives the second assertion. O
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3.2. Vanishing results for higher direct images. Consider the pullback f*8p\,; this
is the T-equivariant vector bundle on X whose fibre over £ € PT is t~*(L/n @ 0), so
we have an identification 81, /,e0 = f*S1/n and Qp jneo = f*Qp/m @ OE?E} by [BEST23,
Proposition 3.6]. There is an injective map

€1 : f*SL/n — 3L,
which is the induced from the inclusion L/n @ 0 < L. We denote by

the T-equivariant quotient of 87 on Xg

L1 =kerey = whose fibre at # € PT is t *L/(t"1L/n ®0).

We have the following diagram of short exact sequences of vector bundles on X,

0
0 L1
0 *8 0P\ ¢ ot *Q ot 0
— f L/n — Yxe D xE T / L/n D XE 7
(3.2.1) o H &
0 8L 0%, Qr 0
L1 0

0

Here, the map €9 is the natural T-equivariant quotient map, whose fibre at the identity
of PT is the surjection k¥ /(L/n @ 0) — k¥ /L. Applying the snake lemma, we can also
identify L1 ~ ker €.

Taking the direct sum of the first and third columns of Diagram (3.2.1), we obtain the
four-term exact sequence

€1Deg

(3.2.2) 0= L1 = f*(E€r/m ®Oxp,,) — &L = L1 = 0.
Here, we will denote
§ =im(e1 B €2) = QAL ® f*Sp/m,

and the second isomorphism here comes from inspecting Diagram (3.2.1).
Additionally, projecting L to the two direct summands of kZ\" @ k{"} gives rise to an
embedding L < L\ n ® L|n. This in turn induces a surjection Q, — Qp\pqr|,- Similarly,
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denote by
the T-equivariant subbundle of Q;, on Xg
N1 = ker(Qr, — Qp\ner|n) = whose fibre at ¢ € PT is
(t"'L\n® Lln)/t'L.
Then, Ny is either is a line bundle or zero. Dualising, we arrive at the short exact sequence
(3.2.3) 0= 9 \narpm — 2L = Ny = 0.

We wish to compute the (higher) direct images under f of £1, NY, and exterior powers
of &1, and G. The key to connecting the computation in §3.1 to these higher direct images
is the theorem of cohomology and base change. We only need a weaker statement

Proposition 3.5 (Cohomology and base change). Let g: X — Y be a proper morphism of
schemes, with Y reduced and locally Noetherian. Assume F is a coherent sheaf on X that
is Oy -flat, and, for some integer p, hP (X, F|x,) is a locally constant function with respect
tot €Y. Then the higher direct image RPg,F is locally free with fibre t € Y isomorphic to
HP (X, Fx,)-

A proof can be found in, for example, [EGA III;, Théoréeme 3.2.1]. We also need the
following;

Lemma 3.6 ([Eur24, Lemma 2.5, Proposition 2.6]). Let F be an ordered set partition of
E\ n with ¢ parts, and t € T'. Recall from Proposition 2.5 that the fibre C = f~'(tps) has
components C(t,1) = (t, 1).[?’13(2.).
(i) The restriction of 81, to the component P;(i) s given by S’L?m, where we recall Lg;)
is defined in Fq.2.2./.
(ii) Moreover, the bundles Si|c and Qr|c are trivial if n is a loop or coloop and
nontrivial at one component otherwise. In the latter case, there exists exactly one
k € [£] so that Sp|c(t.) s nontrivial.

Combining the previous two results as well as Lemma 3.4 gives the following. This
argument is already given in [Eur24], but we will present it for completeness.

Lemma 3.7. We have the following vanishing results for direct images:
(i) For anyd >0, R'f, A&, =0 for alli > 0 and f. N> &1, is a vector bundle of rank

d
dim A\[L/n & kZ\"/(L/n) & k|;

in particular, Rif (NS, @ N QL) =0 fori>0 and a,b > 0.
(it) R'f.L1 =0 for alli >0, and f.L1 = Oxp\n when n is a coloop, and 0 otherwise.
(iii) R f,NY =0 fori > 0.
(iv) Rif.(AN*L1®Qr) =0 foralli >0 and d > 0.
Proof. Statement (i). Taking into account the relative dimension of f, it is enough to

show R'f, A® & = 0. Without loss of generality, we can assume the fibre has the form
C = f~!(pg) for some ordered partition F. By Statement (ii) of Lemma 3.6, the restriction
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81|c is nontrivial on at most one component. But Qy, is trivial if and only if 8y, is, so &,
is also nontrivial on at most one component, say, ]P’ér(k). [Eur24, Theorem 2.5] says &/ Ly
is the restriction €, to Pér(k). As a matter of notation, we set L' = L.

Taking a normalisation of the nodal curve C', one obtains a short exact sequence

0— 0c — @V*Opé@ — @Ogi/opi — 0.
(2 (2
Twisting by A% &, and taking cohomology yields the short exact sequence

0— H( C/\EL ) = H(Py /\eL, @W%@/\smﬂ

c/\eL ) = H'(Py /\eL/ =0, where W =P H"(Pj; /\8L|P1
i#k

Here the last vanishing uses the Statement (i) of Lemma 3.4. Since €, is trivial along
components F(i) for i # k, the third term and W have the same dimension, say, e
Additivity of Euler characteristics yields x(C,A?&L) + e = ho(]P’}Tr(k), AYE€L) 4+ e. This
gives A1 (C, N7 €p) = BO(C, NP €L) — hO(Py 4y, A? €1) > 0. On the other hand, if a section
s € HY(C,\Y&L) is such that the restriction s]]pé(k) vanishes, then by evaluating s at

points psr and pgrr1, we see that s vanishes everywhere on C; therefore h0(C, /\d &r) is
at most h° (P%_r(k), Ne ). Therefore the previous inequality is an equality, so that we get

(O, N EL) =0, and

d d
h(C, N\ €L) = dim A\[L'/n & kE\" /(L' /n) & K.

Combining the second assertion with the observation dim L' = dim L, one deduces that
the dimension of HO(f~1(p), A®€1) is independent of the point p € X E\n- By cohomology
and base change the two assertions follow.

Statement (ii). We have that £; equals the trivial bundle Oy, when n is a coloop and
0 when n is a loop. Thus the assertion follows readily in these cases. Henceforth assume
n is not a loop or coloop. As before, consider a point ps for an ordered set partition F
with £ parts, and C = f~!(pg) be the corresponding fibre. The restriction f*S;, /n 18 visibly
trivial along the whole fibre C By Lemma 3.6, the restriction 8y |c is nontrivial on exactly
one component of C, say, P ( ) Restricting to IP’ F(k) and applying Lemma 3.6 to the first

and second terms of the column of Diagram (3.2.1), we get a short exact sequence

0— SIL//TL@O — SIL/ — Ll’Pé(k) — O, where L, = er(k:)

Looking at the first exact sequence in Lemma 3.3, we see that '51|1P’;( o = Lg ~ O]Pﬂ;(k) (—1),

where the second equality is because n is not a loop or coloop. In particular, the line
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bundle £; restricted to ]P%r(k) has no cohomology in any degree. For j # k, we have

L1|1P>?( L= OP;(‘), thanks again to Lemma 3.6.
J
Twisting the normalisation exact sequence of C' by £ and taking cohomology, we have

an exact sequence

0—>HO(C,£41) %HO(P;(M’OP;(}C)(_ ))EBWL — @ pgry I(C,Ll) —0
1<j<t

where we denote Wy = P, 4, HO( ,/\d €L) ~ @,zx k. The map Wy — D10 k(pg5)
is an isomorphism for the same reason as before. Therefore, H°(C, £1) = H*(C,L1) = 0.
By cohomology and base change, we have that f,£; = 0.

Statement (iii). Turning to the direct image of N7, we make the following adjustments
to the proof of Statement (ii). When n is a loop or coloop, we have that N = 0, since
L — L\ n® L|n is an isomorphism. When n is not a loop or coloop, by the same argument
as in Statement (ii), we observe that Sequence (3.2.3) restricts to the P!-component Pé(k)
of the fibre C' as

0= Qo porm — 2 — N1V|P;(j) ~ L — 0, where L' = Ly

In

which is dual to the the second short exact sequence in Lemma 3.3. By Lemma 3.6,
NY restricts to the trivial bundle on all components IP’lg( ;) for j # k and O(—1) on the
component IF’}F( k- This puts us in the same situation as the final paragraph of the argument
for Statement (ii).

Statement (iv). The argument for Statement (i) can be applied directly to this case.
Except that we quote Statement (ii) of Lemma 3.4 instead of Statement (i). O

3.3. Running the induction. We first give deletion-contraction formulae for the direct
images of exterior powers of 87, and QY. The formula involving 8, also appeared as [Eur24,
Theorem 1.5], but with a different proof.

Lemma 3.8. Let L C kP be a linear subspace. Then

. f /\S A (8r/n ® Oxp,,)s if nis a coloop;
(7). " ~
- A SL/n if n is not a coloop.

(i1). f /\ QY ~ /\d(QL\n o2 OXE\n)7 if n is a loop;
* v QL\N’ if n is not a loop.

Proof. Statement (i). When n is a loop, we have an isomorphism 87, = 81, /ng0 = f*S1 /5
Therefore the assertion follows from the projection formula and the fact that f,Ox = Ox\,.
When n is a coloop, we have that £; = Ox,. Moreover, that n is a coloop implies the
existence of a vector v € LNk{" gives a section v: O xp — Sr. This gives an identification

>~ f*8p\n @ O{ KR ~ f*Sp/m @ Og( }, where we note the isomorphism L/n ~ L \ n when
n is a coloop.
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Assume from now on n is not a loop or coloop. Considering the pushforward of the
exterior power of the first column of Diagram (3.2.1) along f, we obtain an exact sequence

d—1
0—>/\SL/n /\f*SL—>f* L1 ® /\ F8um) = fl1® N Si,

where we have used the projection formula in the first and third term. But by Statement (ii)
of Lemma 3.7, the rightmost term in the sequence above vanishes, and the claimed
isomorphism is given by f. A%e;.

Statement (i7). When n is a loop or coloop, the assertion is clear from the identity
Q1 >~ Qp\nerjn- The latter equals f*(Qr\,®©0xp, ) when nis aloop, and f*Qp\, =~ f*Qr/p
when n is a coloop. Thus the assertion is clear from the projection formula.

When n is not a loop or coloop, we consider pushing forward Sequence (3.2.3) along f

and obtain
d—1

d
0= A\, —>f*/\QL — LNy N 9f.
The last factor vanishes by Statement (iii) of Lemma 3.7. The claim follows. O
Remark 3.9. Here, the case for Q) cannot be deduced from applying the standard
Cremona pullback with cohomology and base change under consideration. This is because
the commuting diagram

X Crem X

s s
XE\n ~crem, XE\n
is not Cartesian. This can be observed from the big open tori.

Chopping the four-term sequence (3.2.2), we arrive at two short exact sequences

0= L1 = [ (E€L/m®Oxrn) 2226 0, and

0—-G—=E&,— L1 —0.

Taking exterior powers gives two short exact sequences

d—1
(*) 0—>/\9—>/\5L 61@62 Ll®/\9—>0 and
d—1
(**) 0=L1® \NG—f* /\EL/n@oXE\n %/\9%0

We single out some useful pieces of computation, which will be used more than once in
the proof of Theorem B.

Lemma 3.10. In the case when n is not a loop, we have the following isomorphisms for
i >0,

n+l—r—1 i—1
Tl L1®/\QL )=detQr/m® N\ Qfy, = det Oy, @det QF, @ A\ Qpyn
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Proof. When n is not a loop, £1 is a line bundle and we have the identity £1 ~ det Sy ®
f*det 8} n = det QY @ f*det Qy, /n Dy taking determinants of the first and third columns

of Diagram (3.2.1). For ¢ > 0, we can write
% n+l—r—:
flr@ NQ) ~ £l N\ QL ® fFdet Q)
n+1l—r—i n+l—r—i
~detQpm @ fuo N\ QU =detQrp® N\ Q.

where the second isomorphism comes from the fact that for a rank-e vector bundle &, one
has the identity A% & @ det &Y ~ A*"?&Y: moreover, the last isomorphism comes from
Statement (ii) of Lemma 3.8. O

This Lemma is already enough for one to prove by induction the higher cohomology
vanishing A% Q1. d > 0; see Appendix A. For Theorem B, we additionally need the following
push-pull computation.

Corollary 3.11. When n is not a loop, we have
n+l—r—a r—1—b

d

a+b=d

Proof. By Lemma 3.10, we have

d a b
fLio NG~ @ f(Lia N ASm)

a+b=d
a b n+l—r—a r—1-b
~ ~ v %
~ D LLioNWeNS= B A Qw® A 8w
a+b=d a+b=d
which is the claimed identity. O

Proof of Theorem B. We proceed by induction on the cardinality of the ground set . The
base case is trivial, so we assume n > 1. We run the following Leray spectral sequence

d d
By = HP(Xp\n, RUf )\ €1) = HP 74X, )\ EL).

By Statement (i) of Lemma 3.7, we know that A? & has vanishing higher direct images.
This gives an isomorphism Eg’o ~ HP(X g, /\d €1). Therefore, it suffices to show f, /\d Er
has vanishing higher cohomology.
Case n is a loop. Here, we have £1 = 0. Therefore, the map e1@ea: f*(€1/, ®O0xp, ) —
€ is an isomorphism. By the projection formula, we have
d d d—1
Ego = Hp(XE\m /\(EL/n @ OXE\n)) = Hp(XE\nv /\ 8L/n) D Hp(XE\m /\ SL/n) =0

where the last equality is given by the inductive hypothesis. Therefore the vanishing
statements follow.
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Henceforth, we will deal with the cases when n is not a loop. Therefore, £1 will be a
line bundle. Pushing forward Sequences (*) and (**) along f we obtain

d d d—1

(1) 0—>f*/\9—>f*/\81;—>f*(£1®/\9)—>0, and
d—1 d d

(TT) 0— f*(Ll ® /\ 9) — /\(EL/n@OxE\n) — f*/\9 — 0.

Here, we used the fact that £; @ A%"' G and A% G have vanishing higher direct images, for
projection formula and Statements (i) and (iv) of Lemma 3.7 gives for i > 0,

d a b
Rif*/\Sz @ (Rif*/\QL)®/\SL/n:O, and

a+b=d
d—1 a b
Rf(Lia N9~ P RAL @NU) @ ASLm=0.
a+b=d—1

The strategy here is to control the cohomology of f.(£1 ® A®"1G). Once this is done, we
will inspect the long exact sequence in cohomology for Sequences (1) and (1) to obtain
the desired vanishing statements.

Case n is a coloop. In this situation, deletion and contraction by n is the same. More
precisely, the inclusion L/n — L\ n is an isomorphism. Therefore, applying Corollary 3.11,
we have that for i > 0,

d—1 n+l—r—a r—1-b

H oy Lo A9)> @ B0, A 9o A Sip
n+l—r—a r—1-b
:aM@_lHi(XE\m A Qf\p ® N 8i\n)
n+l—r—a r—1-b
:aerE:Blei(XE\m A Spipm® N Qi) =0,

where the third isomorphism comes from pulling back by the standard Cremona transform,
and the last vanishing comes from the inductive hypothesis. Now, taking cohomology of
Sequence (1) and applying the inductive hypothesis again, we see that f. A% G also has
zero higher cohomology

' d ' d—1
H' (Xpyn £+ N G) = H (X pyn, fo(L10 \ §)) =0, fori>0.

Turning to Sequence () and taking cohomology, we get, for ¢ > 0, an exact sequence
‘ d ' d ‘ d—1
H'(f- \S) = H (f- \N&r) = H'(f(L1@ )\ 9)).
But we have shown that the first and third term vanishes; therefore, the middle term must
vanish, giving the assertion.
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Case n is not a loop or coloop. Consider the following diagram of short exact sequences
of vector bundles in Xpg\,,

0
0 Lo
FE\n
0 8L/ X}S\" O /n 0
(3.3.1) 5 ‘ 52
FE\n
0 Si\n R X}E\n Qnn 0
Lo 0
0

Here, the map ¢; is induced from the inclusion L/n < L\ n. Here, we take

the T"-equivariant quotient of § L\n Over Xp\,

= k = —
©2 = coker(d1) whose fibre at t € PT" is (t 'L\ n)/(t"1L/n).

This is also the kernel of o, thanks again to the snake lemma. Moreover, since n is not
a loop or coloop, the inclusion L/n — L\ n is strict of relative dimension 1, L9 is a line
bundle.

Taking the direct sum of first and third row of Diagram (3.3.1), we obtain the 4-term
exact sequence

O%LQ%EL/H@)EL\VL%EQ%O,
where we set J{ to be im(d1 @ d2) = 81/, ® Qp\p-

Taking exterior powers, we obtain, for any d > 0, the short exact sequences

d d d—1

(1) 0= AH—= ANép,— L2® \ H—0, and
d—1 d d

(1) 0> Lo® \NH—= NEpm— NH—O.

By the inductive hypothesis, the middle terms in Sequences (1) and (i) have no higher
cohomology. Taking cohomology of Sequence (f) and (if) in an alternating way, we arrive
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at two chains of isomorphisms for any d > 0,

d—1 d d—1
HY (X L2 @ N H) = HA( Xy, NH) = H3 (X, Lo® \ H) =, and
d d—1 d—1

H' (Xpyn, NH) = H*(Xp\n, L2 @ J\ H) = H?(Xpyp, Lo @ \ H) = -,
both of which must end with 0 by Grothendieck vanishing. In particular, any exterior
power of H has no higher cohomology; therefore, we have

a b
(3.3.2) Hi(XE\n,/\SL/n ® /\QL\n) =0 foranyi>0anda,b>0.

Applying Corollary 3.11 and pulling back by the standard Cremona transform, we have
that for ¢ > 0,

) d—1 ] n+l—r—a r—1-b
H(Xpp f(L1@ N9 = B HXpw A Q%ne A Sim)
a+b=d—1
) n+l—r—a r—1-b
~ @ HZ(XE\H, /\ SLL/TL & /\ QLL\n) = 0,
a+b=d—1

thanks to Eq.(3.3.2).

Finally, we can return to Sequences () and (ff). By the inductive hypothesis, we
have that the middle terms of Eq.({1) have no higher cohomology, for all d > 0. Taking
cohomology of Sequence (1), we obtain

d d—1
H'(Xp\n, [« \G) =~ H' (X, fs(L1® /\ §)) =0 foralli>0andd>0.
Now, turning to Sequence (f). Taking cohomology and noting that the first and third term
in the sequence have no higher cohomology, we get that
d d
H?(Xp, \€1) = H"(Xp\n, f« \ €L) =0,
for all p > 0 and d > 0. O

3.4. Application to Tutte polynomials. To a rank-r matroid M on the finite set F,
one can associate its Tutte polynomial Ty [Cra69]. It is defined as

Ta(e,y) = Y (o — 1)@y — #A-rio(),
ACE
When E has cardinality greater than 1, the Tutte polynomial Ty satisfies the following
deletion-contraction property, given n € F,
x Ty jn (2, y) if n is a coloop in M,
(3.4.1) Tu(z,y) = Sy Tz, y) if n is a loop in M,
Thi/n(7,y) + Tann (7, y)  if n is neither a loop nor a coloop in M.
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Let M(L) be the matroid associated to the linear subspace L C k¥ of dimension r. As
an application of Theorem B, we give a formula for the Tutte polynomial for the matroid
M(L).

Proposition 3.12. Let L C k¥ be a linear subspace of dimension r that satisfies Condi-
tion (LL). Consider the polynomial

p q
hr(u,v) = Zho(/\SL ® /\QL) uPvl.
P

We have

hi(u,v) = U#E#TM(L) (u+ 1,071 +1) = Z TR () #EAA= (r=rkn (4))
ACE
What is essentially the same formula, but with equivariant Euler characteristic in place of
RO, is given in [FS12, Theorem 5.2]. The formula above also generalises [Eur24, Theorem 1.2].

More precisely, granting the Proposition, one can obtain the following formulae when one
of the variables is set to 0:

hi(u,0) = (u+ 1)#lors™M) = and  h(0,0) = Z p#E-#A

ACE
A contains a basis

Here, the first identity comes from considering the deletion-contraction formula (3.4.1) for

Proof of Proposition 3.12. By Theorem B, we can write

hr(u,v) = ZX(/\SL ® /\QL)upvp.
P

Since 8} and QY have simple Chern roots in the sense of [BEST23, Section 10], the
right-hand term is also equal to

(u+ 1) (v + 1)#E—f/ (8%, 21)e(Qp, — L)1+ a+ o +..)

XE

=" BTy (w4 1,07 + 1),

thanks to [BEST23, Theorem A and Theorem 10.5], giving the first equality. The second
equality follows from the definition of Ty above. O

Remark 3.13. In [Bau+25, Theorem 3.1], the authors considered the polynomial Fyi(z, y, z, w),
which is defined by taking the reciprocal polynomial in variables x,y of the multidegree

T 1 1
T oV T
e: E bR b Eadh) b
/Ec (8yps 2)C (QM,w)1 1 yﬁeZ[t e € El[z,y, z,w]
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where we have taken into account the identification Hj(pt) ~ Sym Ny, ~ Z[t. : e € E].
Then, as polynomials over Z[t. : e € E][u,v], one has

p q
> chiyig, 140, HO(A\SL @ N\ Qp) uPo? =

P
1 1 —1
The coefficient at y-d 0of y*F 1R (1)
e coefficient at y-degree 0 of y O vyt
where ch |y, u, (V) is the character of the T-representation of V' evaluated at o, ..., u,.

The characteristic polynomial of a rank-r matroid M is
xm(u) = (=1)"Ty(—u+1,0).
Specialising the identity in Proposition 3.12 to v = —1, negating the variable u, and
applying the Koszul resolution in Corollary 2.9, we obtain:
Corollary 3.14. Keeping the notation and assumptions , we have
r p
Xy (w) = Y (—u) PR (W, A 81),
p=0
where Xy s the characteristic polynomial of the matroid M(L).

3.5. Vanishing theorems for hook-shaped Schur functors. This subsection is logically
independent from the rest of the paper. Here, Schur powers of vector bundles will be
considered. To fix convention, we refer to Chapter 2 of [Wey03] for a construction.

One application of Theorem B is removing the characteristic-0 assumption in the special
case of Theorem C where one take Wi = Xg and k = 1 and A is a hook. It will be a
consequence of the following generalisation of a trick due to [Bro97; Bri09].

Lemma 3.15. Let X be a finite-type k-scheme, and
(3.5.1) 0-E=-VR®0x —>F—=0
a short exact sequence of vector bundles on X, where V is a finite-dimensional k-vector
space. Given an integert > 0 and a flat coherent sheaf G on X, the following are equivalent:

(i) HP(X,5® Sym?F) =0 forp >t and q¢ > 0.

(ii) HP(X,GQ A\1E) =0 forp—q > t.
Proof. Let e = rk& and f = rkF. By [Wey03, Proposition 5.1.1], we have a Koszul
resolution of Opy;gv as an Oy« x-module,

e—1
0—pydet& —ps \ €=+ = p3€ = Oxxv = Opoygv — 0,
where the map po is the projection X x V — X. Pushing forward to X and applying the
projection formula with the identity p.Oxxy =~ Sym V under consideration, we get an
exact sequence
e—1
K:0—=>detER@SymV — /\ E®SymV — - 5 EE®SymV — SymV — SymJF — 0.
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The natural G,,-actions on & and F makes this a graded resolution; let
q q—1
X(@.9):0-50N\NE=S0 ANEQV =+ 5 G@Sym?V — §® Sym?F — 0

be the gth graded piece twisted by G.

Assuming (i), we prove (ii) by induction on g. When ¢ = 0, the conclusion is clear,
for HP(X,G) = 0 for p > t by assumption. Now assume ¢ > 0, the inductive hypothesis
implies that

J
Hp*qHH(X,S ®/\8 ® Sym? ™7 V)=0, for0<j<gandp>q+t.

As a result, chopping K(q, ) into short exact sequence and taking cohomology, we get
that for p > ¢ + ¢, the map

q
HP71(X,S®@Sym?F) — HP(X, G ®/\8)

is surjective. But the assumption is that the left-hand term vanishes, so the desired
vanishing follows. That (ii) implies (i) is a direct consequence of Fact 2.10. O

We recall the following; see e.g. [Wey03, Exercise 2.2]:
Fact 3.16. Let M be a finite free module over a k-algebra A. Fix ¢ > 0. The Koszul
complex
q q—1
0> AM—=> ANM&M — - — M@Sym? " M — Sym? M — 0
is split exact, with the cycles in A" M ® Sym’ M given by Se—i+LIT A
We now give a case where the conclusion of Theorem C holds in positive characteristic.

Proposition 3.17. Keeping the assumptions and notation as in Theorem B, let X be a
hook. We have H'(Xg,S*Qr) =0 for i > 0.

Taking A = (1%), we have $*Q; = Sym? Q;, so this Proposition gives higher vanishing
for symmetric powers of Q7 and recovers [Eur24, Theorem 1.3] as promised in Remark 3.1.

Proof. Write A = (g—i+1,1¢"1) for some ¢ > i > 0. Applying Theorem B and Lemma 3.15
with § = A¥Q;, we have that H?(Xg, AY " Qr ® Sym’ Q) = 0 for p > 0. The complex
in Fact 3.16 globalises readily to the case where M is replaced by the vector bundle Q.
Chopping the complex into short exact sequences and taking cohomology yield the desired
vanishing. O

Remark 3.18 (The Carter—Lusztig resolution). Let k be a field of characteristic p > 0
and & a vector bundle on a finite-type k-scheme X with absolute Frobenius Fyps: X — X.
Carter and Lusztig [CL74, p. 235]” constructed a resolution of the Frobenius pullback F €

2Their construction of Weyl module Vy is in our language sMeY with \ the conjugate partition. Our
presentation here follows [Ara04], which agrees with Weyman’s convention.
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by Schur powers associated with hooks:
0 = Flp€ — SP-10g -5 S0-210¢ 1y .. §€ 0,

where A = (p— N, 1) with N = min{p— 1,1k € —1}. Taking a linear subspace L C k¥ and
applying the Carter—Lusztig resolution to &€ = Qp and X = X, this resolution becomes
acyclic. It follows that

HY(Xp, F4.Q1) =0, fori>min{p—2,n—7r—1}.

4. LOGARITHMIC GEOMETRY AND ORLIK—SOLOMON ALGEBRAS

The section is devoted to studying the Orlik—Solomon algebra via the logarithmic
geometry of the pair (W, Dy) for a linear subspace L C k¥ over an arbitrary field k.

4.1. Degeneration of the Hodge—de Rham sequence. Before saying more about the
Orlik—Solomon algebra, we first give a quick proof of Statement (i) of Theorem A, which
we recall below:

Theorem 4.1. Let k be a field and L C kP be a linear subspace satisfying Condition (LL).
Then at the Ey page of the Hodge—de Rham spectral sequence (Hdg) we have

HY Wy, (log Dr)) =0,  for all ¢ > 0.
Proof. By flat base change [Stacks, Lemma 02KH], we can take k to be algebraically closed,

so that the assumptions of Proposition 2.8 and Corollary 2.9 are satisfied. Tensoring the
Koszul resolution in Corollary 2.9 by A8}, we obtain an exact sequence

q q q q

0— A8y ®detQy —--- = A8} ® Q) = AS} — ASilw, — 0.
Combining Fact 2.10 with the Cremona transform applied to the statement of Theorem B,
we obtain the vanishing

q
H' (W, \Si) =0, foralli>0.

Let p > 1 be given. Taking cohomology of exterior powers of Sequence (2.2.2) from
Statement (ii) of Proposition 2.8, and applying the vanishing of higher cohomology of
A?8Y|w,, we obtain a chain of isomorphisms

HP(Q, (log Dr)) = HP™ Q) (log D)) = HP2(Qf 2 (log D)) = -+,
but this chain has to end with 0, thanks to Grothendieck vanishing. g

Remark 4.2. When k has positive characteristic, and one replaces (Wp, D) with any log
smooth pair (X, D), the F;-degeneration of the spectral Sequence

P = H(X, Q% (log D)) — HP*I(X, 2% (log D))

is not always guaranteed. One sufficient condition, due to Deligne and Illusie [DI87], is that
k is a perfect field with chark > dim X, and the pair (X, D) admits a lift to the second
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Witt vectors W (k). However, the assumption does not always hold even for pairs (Wp, Dr,)
of our interest. For example, it breaks when we take L to be a representation of PG(n, 2)
with n = dim W, > 2. One might want to interpret Theorem A as failure of the Hodge—de
Rham sequence (Hdg) to be an obstruction to lifting arrangements to characteristic 0.

Remark 4.3. When k = C, Deligne’s argument for the isomorphism Hk(Q{,VL(log Dy)) —
Hsking(IP’LO)@ involves showing the map of complexes Qyy (log D) — j.Qp0 is a quasi-
isomorphism; see [Del71, §3.1.7]. One might ask in Theorem A if the hypercohomology
H!(Q*(log D)) can be replaced by the algebraic de Rham cohomology Hiy(PL°) =
H (W7, J«2p o) of the arrangement complement. In positive characteristic, the answer is
an emphatic no: with the Cartier operator, it is not too hard to see H3y (PL°) is mostly
infinite-dimensional as a k-vector space. For instance, if one takes k = IF'p and L = k2, then
PL° ~ Speck[z, '] is the complement of the projectivised rank-2 Boolean arrangement,
and HJz (PL°) is a free k2P, z7P]-module generated by tP~1dt.

4.2. Comparison theorems. We recall some notation from the introduction. Let H; be
the ith coordinate hyperplane of P" restricted to PL, cut out by a linear form x; € LV.

We denote by e; the basis vectors of Z¥, and eg = e, N---Neg, € /\k Z¥ | for an ordered
subset S = {s1 < --- < s;} C E. Given a linear space L C k¥ without loops, one can
associate to it the Orlik—Solomon algebra

A ZP
(Deg: S C F is dependent)’

OS*(L) =

where 0 denotes the usual Koszul differential on A\® ZF, defined by
k—1 ‘
OJeg = Z(—l)zeg\skii, for an ordered subset S = {s; <--- < s} C E.
i=0
The reduced Orlik—Solomon algebra @.(L) is the differential subalgebra generated by the
submodule {}" a;e; : > a; =0} C OSY(L).
The rest of the section is devoted to proving Statement (ii) of Theorem A, which is a

comparison theorem across the reduced Orlik—Solomon algebra, the global logarithmic
forms, and the logarithmic de Rham cohomology of (W, Dy).

Theorem 4.4. The following three graded-commutative k-algebras are isomorphic
(i) The reduced Orlik-Solomon algebra OS® (L) of L.
(ii) The exterior algebra HO(Q{,VL (log D)) graded by the naive filtration.

(7ii) The logarithmic de Rham cohomology @; HZ(QI./VL (log Dy)) with cup product multi-
plication.

For starters, note that the linear forms z; are unique up to homothety. We shall construct
a map from the Orlik—Solomon algebra to the space of global logarithmic forms that is
invariant under scalings of z;.
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Since L intersects the torus T C k¥ nontrivially, denote by L° the intersection L N'T
and 2 = (z1,...,2,) the map L° — T. Consider the assignment

= =)L
0 (dlogE(0): TiL® 25 Ty 29 mr = 1),

where ¢ € L. This defines the logarithmic Gauss map:
I5:PL° — Cr(r, k), [{] — imdlogZ(¢).

See [Kap93, Proposition 3.2.3] and [HKT06, §2] for details. It is not hard to check that
the log Gauss map I'$ is given by [(] — [(71L]. Therefore I'} extends to the wonderful
variety W, as the composite

T: Wi C Xp 25 Gr(r,kP),

where ¢y, is given in Eq.(2.2.1).
The system of coordinates = on T induces a trivialisation of the cotangent bundle of T’
with coframe

dlogxy,...,dlogxz, € TYT = H(Gr(r,TyT),8"), where dlogz; = dxi.

i

For convenience, also denote by dlog x; the pullback of dlogx; along I'r,. We consider the
map

(4.2.1) v: OS*(L)x — H' (Wi, \S}); e+ dloga;.

Lemma 4.5. The map v is a well-defined homomorphism of commutative differential
graded algebra.

Proof. The standard argument, see for example [OT92; Lev04], carries over mutatis mu-
tandis. We give a sketch for completeness. If S = {s1,...,s;} is a dependent set. Then
there is a nontrivial linear relation x5, = 37 <;<,_1 ¢i%Ts; s0 that one can write

CiTs,
dlogzs, = Z %dlogwsi.
1<i<k—1 7Sk

Then one computes

v(Oeg) = Z (1) (dlogzs, A+ AdlogZs, A--- Adlogzs,)
1<5<k

CiZg.
= ((—1)”“_2 Z 2y (—1)k_1) dlogzs, N---Ndlogxs, | =0.
1<j<k—1 sk

Therefore v descends to an graded-commutative algebra homomorphism. It is also clear
that the map v respects the differentials. O

Proposition 4.6. The map v is an isomorphism.
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Proof. We have the following commuting diagram:
A* (k7)Y ————— OS*(L)k

! L

HO(XE> /\. SX) — HO(WLa /\. SX)

where the left vertical arrow comes from applying the exterior algebra functor to (k¥)V ®
Ox, — 8} and taking global section. The bottom arrow comes from restriction of global
sections.

We say a word about surjectivities in the diagram. First, there is a filtration on the
kernel A¥(kP)Y — AFS8Y, where the associated graded is A®8Y @ A’QY for a +b = k
and 0 < a < k — 1. By Theorem B, all the associated graded have vanishing H', so the
kernel has no H' either. This gives surjectivity of the left vertical arrow. Next, considering
twisting the Koszul resolution in Proposition 2.9 by AF 8Y, one deduces from Fact 2.10
and Theorem B that the bottom horizontal map has zero cokernel. Therefore, the map v
has to be surjective.

By Corollary 3.14, we have that h%(W, N 8Y) computes the characteristic polynomial
of the matroid of L. However, the coefficient of the characteristic polynomial is also the
dimension of OS¥ (L) [Yuz01, Corollary 2.11, Corollary 4.6]. Hence v is an isomorphism. [J

Proof of Theorem /./. By Theorem 4.1 and the Hodge-de Rham spectral sequence, we
immediately deduce that Item (ii) is isomorphic to Item (iii). It suffices to show Item (i) is
isomorphic to Item (ii). The generator dlogz; is dual to the derivation xia%i.
Combining Corollary 3.14 and the exterior powers applied to Sequence (2.2.2), we get
that >, hO(Q]IiVL (log Dr))u” computes the reduced characteristic polynomial of the matroid

of L. But this is also the dimension of @k( L)g. Therefore it is enough to show v restricts
to an injection /: OS® (L) — HO(y, (log Dp)).
Taking cohomology of Sequence (2. 3 2)
0 — H(Qyy, (log D)) — HY (W, 8]) = H(Ow,) — 0,

where the third map map is now given by contraction against the Euler vector field ), :L‘ia%i.

Therefore the kernel of contraction is subspace

(QWL log D1)) { Zazdlog T; e Zal = O}

but this is also the image of os' (L) under v by definition. Since OS®(L)y is generated in
degree 1, we have the desired inclusion v(OS® (L)) C HO(Q' (log Dr)). O

Example 4.7 (Boolean arrangements). Let k be a field and L = k¥. By definition, the
arrangement complement is P7T" and the wonderful compactification W7, is the permutohedral
variety Xg. The boundary divisor of the compactification is the toric boundary Dg of Xg.
Recall that N is the cocharacter lattice of PT', and denote by N = Ng ® k. Since Xp
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is a smooth projective toric variety, the bundle of log 1-forms Q}(E(log Dg) is trivial, with
a canonical identification Q}(E (log Dg) ~ Npx ® Ox; see [CLS11, §8.1]. Taking global
section, one deduces that HO(QB(E(log Dg)) ~ AN* Ngk.
Moreover, the logarithmic de Rham complex is given by
2 3
0—+0x, =+ Ngx®0x, — /\NE’]]((X)OXE — /\NE,k ®O0x, —+ -~

with trivial differential; therefore, the log algebraic de Rham cohomology H*(Q%, (log D))
is also given by A®* Npx.

Finally, the matroid associated to L is the Boolean matroid U,,+1 g on the set E. There
are no dependent sets in the matroid U,,+1 g, so the reduced Orlik-Solomon algebra OS(L)
is given by A*eg ~ A® Ng, where we identify Ng and ef using the standard dot product
on ZF. Reducing to k gives back the same algebra as in the previous two paragraphs.

Example 4.8 (Rational points on the projective line). Let ¢ be a prime power and k = I_Fq
be an algebraic closure of F,. Let PL be the row span of the 2-by-(g + 1) matrix

11 --- 1 0 .. q
(O 1 e g—1 1) 1n81de]P’k.

Then PL is a projective line in IP’% and the intersection PL N Y H; is the 0-dimensional
subscheme of Fy-points in PL. In the strict transform, one still sees Wy ~ P! and
Dy, ~ PYF,). Let ww ~ O(—2) be the canonical bundle of W, so that Q%/VL (log D) =
ww(Dr) = Op1(q — 1).

Let [z : y] be a standard system of coordinates on P!. The log canonical linear series
H°(ww (D)) contains linearly independent differential forms

(4.2.2) dlogx — dlog(cz +y), forall c € F,.

These differential forms give the degree-1 piece of the reduced Orlik—Solomon algebra
OS(PG(1,q)).

Since ¢ > 1, the line bundle Q4 (log Dz) = O(q — 1) has no H', so H*(Q*(log D)) ~
H*(Q}y, (log D). By Riemann-Roch, the space H O(ww (D)) is g-dimensional, so the forms
in Eq.(4.2.2) also constitute a basis for H%(wy (D)). The computation in this example
generalises readily to the case where the linear subspace L is two-dimensional.

Before giving the next example, we first introduce a combinatorial gadget. Fix a matroid
M on ground set E with ordering <, we say a subset S C E is a broken circuit if it is of the
form C' — min C for some circuit C' of M. An nbc-set of M is a basis of M that contains no
broken circuits of M. Fix the ordering 0 < 1 < --- < n. It is well-known that a monomial
basis for the reduced Orlik—Solomon algebra is given by the set of reduced nbc-monomials,

(4.2.3) {(es;, —€0)A---A(es, —€0) | S = {s1,..., 8K} C [n] such that SUO is an nbe-set. }

See [OT92, Section 3.2] for details.
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Figure 2. Fano plane P?(Fs)

Example 4.9 (Linear series of cubics passing through the Fano plane). We work in
characteristic 2. This example is due to Serre and popularised by Hartshorne in [Har77,
Exercise I11.10.7]. Consider the linear series |U| C |O(3)| of plane cubics in P? containing
7Z = P?(Fy). Then |V| is 2-dimensional with base locus Z. Let W C P2 x PV be the
graph of the evaluation map ¢y : P2 ——» PVV. Then the projection to the first factor
p1: W — P? is given by blowing up P? at Z, so W is the wonderful variety associated
to arrangement of the lines defined over Fy in P?; let A be the divisor given by sum of
these lines. The matroid associated to W is the Fano matroid PG(2,2). Denote by « the
pullback of a general hyperplane, and E the exceptional divisor of the blow up p;. The
boundary divisor of the compactification W is D = pflA + E.

We can directly deduce that €, (log D) has no higher cohomology, for i = 0,1,2. For
i = 0, the assertion is trivial. By [Lan19, Proposition 11.1], there is a short exact sequence

(4.2.4) 0 — Ow(3a — E) — Qfy (log D) — O (a) — 0.

Denote by Iz the ideal sheaf @, ., mp of Z. By [Art66, Theorem 4], we have that
Rip1 .O(—E) equals to Iy when i = 0 and vanishes for i > 0, so by the Leray spectral
sequence and projection formula, we get H (W, O(3a — E)) ~ H*(P?,14(3)). The linear
series |V|is given V = H°(I4(3)), which is 3-dimensional. Furthermore, we have h?(0(3)) =
10 and h°(0%(3)) = 7. Combining the previous two sentences and counting dimensions
gives H>%(I7(3)) = 0. Then, taking cohomology of Sequence (4.2.4), one deduces the claim
for ¢ = 1. The argument for the case i = 2 is the similar, which we will omit. Applying
the claim to the Hodge-de Rham spectral sequence (Hdg), one get the isomorphism
HO(©}y (log D)) = H* (4 (log D).

Next, we compare the Betti numbers of H°(Q$, (log D)) with that of OS(PG(2,2)).
Combining Sequence (4.2.4) and the vanishing statements from the previous paragraph,
one deduces that

KOy (log D)) = h°(I2(3)) + h°(O(1)) = 3+ 3 = 6, and
h(Qy (log D)) = h°(Iz(4)) = 8.
In Figure 2 , the labelled nodes represent points in P2 (F3), i.e., lines in P? defined over Fs.

The edges represent hyperplanes in EDZ(]FQ); two nodes share an edge if the corresponding
lines in P? meet at a point. For example, Line 3,4, and 5 meet at a point. Under the

31/48



Ruizhen Livu

ordering 0 < 1 < --- < 6, the nbc-sets are
0,1,2,3,4,5,6,
01, 02,03, 04, 05,06,12,13, 14, 34, 25, 35, 16, 26,
012,013,014, 016, 025, 026, 034, 035.
Here, the underlined subsets of the nbc-sets are subsets S that give rise to reduced nbc-

monomials in Eq.(4.2.3). Therefore, the vector space OS'(PG(2,2)) = H(Q}, (log D)) for
1 = 1,2 are respectively generated by logarithmic forms

dlogﬂ, dlogﬁ, e dlog%, and,
i) o i)

dlogﬂ/\dlog@, dlogﬁ/\dlogg, ceey dlogﬁ/\dlogg,
X0 iy ey X0 X0 Zo

where we write dlog x;/z; = dlogz; — dlogx;.

Remark 4.10 (Works of Langer and GroBe-Klénne). The space W in Example 4.9 is the
compactification of a Deligne-Lusztig variety inside the variety Fls of complete flags in
k3 = 3 [Lan19, Proposition 7.1]. The set of logarithmic forms we have produced coincides
with the basis of the logarithmic de Rham cohomology that GroBe-Klénne gave in [Gro05].

4.3. Other compactifications. Recall that over the complex numbers, the right-hand of
sequence (Hdg) computes the Betti cohomology Hsking(IP)Lo)@ of the arrangement comple-
ment PL°, and the mixed Hodge structure on Hsking(IP’LO) is independent of the choice of the
compactification [Del71, Théoreme 3.2.5.(ii)]. Furthermore, by [Del71, Proposition 3.1.8],
given any smooth projective compactification PL° with simple normal crossings boundary

D, the logarithmic de Rham cohomology H*(PL°, 22 —(log D)) computes the reduced

o PL°
Orlik—Solomon algebra OS(L) of the linear space L.
When the ground field is no longer C, this is the most general form of an analogous
statement we find:

Corollary 4.11. Keeping the assumptions and notation as in Theorem /.1. Fori=1,... ¢,
let Y; be a nonsingular projective variety over k and D; C Y; a simple normal crossings
divisor. Assume there exists a commutative diagram of blow-ups and blow-downs along
centres which are strata of the pairs (Y;, D;):

Y1 Y3 Ye 1
Yo =Wy Ys Ye

so that Dojyq1 = b;ﬁHDgi = b;i}HDgHg as reduced subschemes for all i. Then for all
i=0,...,e, we have H>(Y;, Q3. (log D;)) = 0 and

OS"(L) ~ HO(Y;, 0%, (log D;)) ~ H*(Y;, Q% (log D;)).
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Proof. By the proof of [Bri09, Lemma 2.1], we have for all 1,
Oy, ., (log Dajy1) =~ bl 1y, (1og D) ~ b3, 505, (log Dajya).

One can proceed by induction on i. The case i = 0 is done. Henceforth assume i > 0.
If 7 is odd, we apply the identity Rb; .Oy; ~ Oy, , and the projection formula to get the
equalities H?(Q.  (log D;—1)) = HP(QY,  (log D;-1)) for all p,¢ > 0. If i is odd, we apply
the identity R’f.Oy, ~ Oy, .1 instead to get the same equalities. In both cases, the assertion
will follow from the inductive hypothesis. O

An interesting class of varieties that arises this way include wonderful compactifications
attached to arbitrary building sets in the sense of de Concini and Procesi [DP95]. Consider
the linear subspace L,, = k™ 1/(1,...,1) C k(mgl), where for 1 < i < j <m —1, the
1j-factor of the embedding is v + v; — v;. This gives the braid arrangement B,,_1 on Ly,.
By [DP95, Section 4.3], there exists a building set for which the wonderful compactification
is the Deligne-Mumford—Knudsen moduli space Mo,m of stable rational curves with m
marked points. Moreover, the wonderful variety Wy, = is a blow-up of My, so that the
inverse image of the boundary divisor 8H0,m = Mo,m — Moy ,m to Wp,, equals the boundary
divisor Dy, of Wy, [Eur24, Lemma 4.2]. The space M, is a smooth projective scheme
over Spec Z, and 9M , is a simple normal crossings divisor relative to Spec Z. As a matter
of notation, write (1f . = Q.Ho,m (log OM ¢ ).

Corollary 4.12. Owver SpecZ, we have ring isomorphisms

@k

(Bm—1) = H(Mom, ) = H (Mo, O )-
Proof. Since M, is smooth and projective over SpecZ and OM,, is relative simple
normal crossings over SpecZ, the formation of the de Rham complex QF,, and the Hodge
filtration commutes with arbitrary base change. We refer to [Stacks, Lemma 0FMO] for the
nonlogarithmic case, and the argument carries over mutatis mutandis in the logarithmic
case. In particular, we have H* (M p,, Tog) ® k =~ H*(Mo,m x k, OF,) for a field k.

The same can be said for Wy, and Qfy, (logDy,,)). First, note that the map V' from
the proof of Theorem 4.4

V': OS*(By1) = HO(W, Yy, (log Dr,,)) =~ H* (Mo m, Ug)

can be constructed over Z and is stable under base extension. Applying Corollary 4.11,
we get that o/ is surjective upon base changing to any field. By structure theorem of
finitely generated abelian groups, one deduces that v/ is surjective; tensoring by Q and
noting the freeness of OS(B,,_1), one also deduces that v’ has zero kernel. This uses the
first isomorphism. For the second isomorphism, we similarly have natural homomorphism
HO(Mg , QF ) — HF (Mo m, Of,) arising from the Hodge-de Rham spectral sequence is

log
also an isomorphism once base changing to a field. Now we can conclude by the exact
same argument. Ol
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5. VANISHING THEOREMS VIA KEMPF COLLAPSING

In this section, we adapt the approach of Kempf and Weyman to study collapsings
of vector bundles. The idea of those authors is to combine syzygy calculation with
considerations of positivity to analyse certain affine varieties. By contrast, our plan towards
Theorem C is to exploit the fact that these affine varieties have rational singularities to
obtain vanishing statements. Our convention for Schur powers follows Chapter 2 of [Wey03].

5.1. Recollections on the Kempf—~Weyman geometric technique. For our applica-
tions the base of vector bundles will always be wonderful varieties, but we introduce the
setup agnostically. Let X be a projective variety, and € a vector bundle over X whose dual
€V is globally generated. Denote by V the affine space H(X,EY)Y. The Kempf collapsing
of the vector bundle € is the image Y of the total space E = Tot € under the projection
qg: X xV =V:

E—21sYCV
lp
X.
Loosely speaking, Y is the affine variety swept out by € along X. When X is smooth, the

map q gives a resolution of singularities of Y as long as it is birational.

Example 5.1. Let £ be a basepoint-free line bundle on a projective variety X. Put
V = H°(X,£)V. Then the image of the Kempf collapsing

g: TotLY =Y CV

is the affine cone over the image of the evaluation map ¢j¢: X — PV. Even in this basic
case, the map ¢ can detect positivity properties of £. For example, £ is ample if and
only if ¢ is finite away from the origin {0} of V. The forward implication follows from the
finiteness of ¢|¢| and a factorisation of Kempf collapsings:

Tot £¥ —% Tot Opy(—1) = BlyV —F V
X ] PV.

Similarly, the backward implication can be deduced from fppf descending the finiteness of
Tot LY \ X — V' \ {0} along the G,,-torsor V' \ {0} — PV.

5.2. Kempf collapsings of tautological bundles.

Warning 5.3. For the remainder of the section, we work exclusively over the complex
numbers.

Fix a linear subspace L C C¥, in addition to a k-tuple of linear subspaces J = (Ji, ..., J;)
of CE. We consider the vector bundle given by & 7 =385 @ - ®8y,. It naturally embeds
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as a subbundle of the T-linearized trivial bundle Oy, ® Maty g, where Mat; g is the
vector space of k-by-E matrices with 7" acting by diagonal matrices from the right by
t.M = M - diag(t~"). Denote by Er,_; the total space of the pullback &y, and Yz s the
Kempf collapsing of &;|w,. When L = CF, we simply write E; =Er s and Yl = YLJ.
To the pair (L, J), we can also associate the (k + 1)-tuple L Ll J, given by inserting L
into the beginning of J. We will be concerned with the following two Kempf collapsings,

Erg v, Y/L,l C Maty g Erugs B YLui C Matgy1,E
(5.3.1) [pw [
WL7 XE

On the right-hand side the image of the collapsing is T-invariant. More precisely, Y7,/
is the T-orbit closures of (k + 1)-by-E matrices of the form (¢,¢1,...,¢;), where £ € L and
¢; € J;. Under the quotient Maty41 g -- >(IPk)E, the affine variety ?Lu J is realised as the
multicone of the subvariety Yz,; C (P¥)¥ given by

YLuJ:cl.{HW O ] MGLO,&GJ;’}, where L° = LN (C*)%.
jeE

Recall that for a normal variety Y over C, a rational resolution is a resolution of singularities
j:Y" =Y such that R"j,0ys = 0 for all i > 0. The variety Y is said to have rational
singularities if it admits a rational resolution. Once Y has rational singularities, then any
resolution of singularities of Y is rational.

Lemma 5.2. The variety Y7,y is normal, Cohen-Macaulay, and has rational singularities.
Proof. By [Lil8, Theorem 1.1], the projective variety Y7,y is multiplicity-free (the exact

formula is not necessary for us, except that the weights are 0-1). The multiplicity criterion
of Brion [Bri03, Theorem 1], see also [BF22, Theorem 4.3], yields the assertion. O

We will use this to show:

Lemma 5.3. Assume that L C CF is a linear subspace satisfying Condition (L1). Then
the variety Y, j is normal and has rational singularities.

Proof. Denote by S = Tot 8z. By assumption and Proposition 2.8.(i), the wonderful variety

W, is the degeneracy locus of the section 17 € T'(Qy). Base changing the Cartesian diagram
in Proposition 2.8.(i) by E; — X, we have the following diagram where all squares are
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Cartesian:
qx

]ELUJ =5 XXg ]El T A)E(E XXpg }Ei T) Matk_;’_l’E TH} AE

w R

ELJ:WLXXEEJ El Matk7E4>1

\hlz—/hll7

aw

Here, pry projects a (k+1)-by-E matrix to its first row. The map h; is the Kempf collapsing
map of the bundle OJ)E(E ® &y, and hy is induced by the inclusion &7,; C (‘)J)E(E ® &y. The
image of ¢x is ?Luj, and the image of g is }AfL,J.

Now, we coordinatise Matyy 1 g = Spec A with A = Clxg, ..., z,] ® Cly;;,i € [k],j € E]
so that the first row of Maty1 g has the entries z; and the remaining Mat;, g factor has
entries y;;. Let 0 be the apex of ?L,J- There is a quotient map 7: ?Lul \O — Yig. We
claim that 7 restricts to an isomorphism 7’: }A/L, J — UNYyr , where U is the basic open
chart of (P*)F given by demanding x; # 0 for all 4. To see this, we first note the Cartesian
diagram shows the ideal I(}A/L,i) C Clyij,i € [k],j € E] is given by dehomogenisation
I(?Lu l)dehom of the ideal I(}A/Lu J) € A with respect to all z;. Moreover, 7’ is induced by
the isomorphism that identifies dehomogenisation and graded localisation;

k(U N Yzus) = (A I(Y200)) o) — Clyig, i € k], 5 € El/I(Voun) ™™ yii/xj = i,

where the (=) (z...z,,) is the ZF-multidegree-(0, . . .,0) piece of the localization away from

(xO c. xn)
Now, by Lemma 5.2, we know that Y7,,; is normal and has rational singularities, both of

which are local properties. Hence the open subvariety U ~ }A’L, 7 is normal and has rational
singularities. O

Set r = dim L and r; = dimJ; for i € [k]. A consequence of Yz ; having rational
singularities is that we get cohomology vanishing as soon as }A’L, s has expected dimension.

Lemma 5.4. Assume L satisfies Condition (LL) and Y7, ; has dimension r — 14 Y r;.
Then we have

(5.3.2) H'(Wy,Sym? &) =0, foralli>0,j >0,
and H°(Wp, Sym é"iv) is the coordinate ring of }A/L,l.

Proof. Denote E = Er, ; and Y = ?L’ g for simplicity. When Y has the expected dimension,
by Chevalley’s theorem gy is generically finite. But the fibre E,, of gy over the point
m € Maty, i is given by the linear space closure

E,, = cl{([z],y) € PL® x H Ji | mx =y} C Wy, x Maty, .
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Since L is not contained in any coordinate hyperplanes, a fibre E,, for a general m € Maty, g
is connected and nonempty, so, by finiteness, a single point. Therefore, ¢y is birational.
Since q is a closed embedding followed by projection away from Wy, it is proper and
therefore a desingularisation. Since Y has rational singularities by Lemma 5.3, the map qy
is necessarily a rational resolution, meaning R>%qy O = 0. But now the first assertion
follows from [Wey03, Theorem 5.1.2(b)], which gives an identification

H'(Wp,Sym giv) = Riqw+Ox,
for any i. By [Wey03, Theorem 5.1.2(a)], we know that the graded algebra H°(Wp, Sym &Y)

is the normalization of the coordinate ring of k:[f/} Since Y is normal, the last assertion
follows. O

Next, we need a general result that helps removing the assumption on dimension of }AfL, J-

Lemma 5.5. Let & be a vector bundle on Wi, whose dual is globally generated. Let E’ be
the total space of & ® O(—p). Then, the Kempf collapsing

g E =Y’ CV xAF
is birational into its image Y?, where V is the affine space HO(Wp,&V)V.

Proof. We simply produce a rational inverse with the map (¢,¢e) — ([¢], (¢, ¢)) for £ € PL°
and e € & ’[g] O

Proof of Theorem C. Let d; by the number of parts of the partition A\;. We consider the
tuple

(5.3.3) J= (Tt T Ton e iy T T

In other words, we take on d; copies of §;, for each ¢ € [k]. Since we are working
in characteristic 0, Cauchy’s formula gives a direct sum decomposition; see [Wey03,
Corollary 2.3.3],

Sym(8Y)*! = (P s*s} @ s*c
A

where A runs over all partitions with at most d parts. Applying this to Sym(S}i)@di, one
obtains

Syméy = @ Ok @8M8) @88y
K1y ke

O ;i fh . ,
where O 17k = @, SHC%, which is nonzero when y; has at most d; parts.

Consider (k + 1)-tuple J=JUC1r by append the span of the all-one vector 17. By
construction, we have &, = &7 ® O(—f3). Therefore, it is enough to show Sym &7 |y, has
vanishing higher cohomology. But Lemma 5.5 asserts that the Kempf collapsing map is
birational. The result then follows from the assumption on L and the first assertion in
Lemma 5.4. ]
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5.4. The proof of our second vanishing result here (Theorem D) is surprisingly quick. We
start with a counterpart of Lemma 5.4:

Lemma 5.6. Consider a smooth projective variety X over C and a vector bundle & over
X whose dual & is globally generated. Let V = H°(X,EV)Y and Y C V be the image of
the Kempf collapsing qx : E — V, where E = Tot €. Suppose qx is generically finite, then

H'(wx ®@det €Y @ Sym&Y) =0

fori > 0. Moreover, if Y has rational singularity and qx is birational, the relative trace
map Trg,y gives an isomorphism

TI']E/Y: HO(CUX ® det ev X Sym 8\/) — wy,
as k[Y]-modules, where wy is the dualising sheaf of Y.

Proof. Denote by px: E — X the structure map. The canonical bundle of E is given by
the pullback wg = p% (wx @ det €Y). By [Wey03, Theorem 5.1.2(b)] we have identifications

Rigx.wg = H(wx @ det €Y @ Sym &Y), for all i.
When gy is generically finite, by Grauert-Riemenschneider [Laz04a, Theorem 4.3.9], we
have the vanishing R'qx.wg = 0, for ¢ > 0, giving the first assertion.
If moreover Y has rational singularity and ¢x is birational. Since E is smooth, gy is a

rational resolution. Thus Kempf’s criterion [KKMS73, p. 50] tells us relative trace map
Trg/y: ¢xs«wr — wy is an isomorphism. This gives the second assertion. O

Remark 5.7. The first assertion in the lemma is true when €V is replaced by a nef and
big vector bundle—this is the vanishing theorem of Griffiths; see [Laz04b, Theorem 7.3.1
and Example 7.3.3].

Example 5.8. Consider € = &1, = 81w, with X = W in the lemma above. The
Kempf collapsing is an open subvariety of the Schubert variety Y7, r, of the pair (L, L) in
the sense of [BF25]. Applying Serre duality and looking at the degree-0 piece of Sym &,
one recovers the known case of strengthening of Speyer’s f-vector conjecture, proposed in
[Eur24, Remark 1.8],

H'(-Kw, —Dr) =0, fori<r-—1.
The nonstrengthened version is solved in full generality by [BF25]. The quantity h"~*(— Ky, —
Dy) is, up to sign twists, the w-invariant of the matroid M(L) of L in the sense of [FFSS24];
see [EL24, Proposition 5.2].

Proof of Theorem D. As before, we consider the tuple J given by
J=(L,....,L, J1,...,J1y ey iy dige s Iy ooy i)
d d;
The bundle §; is a subbundle of the trivial bundle Maty g ® Ox,, where N =d+ ", d;.

The quotient .#; = (Maty g ® Ox,)/&y is globally generated by Maty g. Consider the
Kempf collapsing

qw: Tot(F) & O(—a) & O(=p))|lw, — Z C Maty p x A x AF.
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Thanks to Lemma 5.5, the map gy is birational. Since L satisfies Condition (LL), we
recall that the canonical bundle of X is given by wx, = O(—a — ). By Proposition 2.8
that wy, = (wx, @ det Qr)|w, = det Qr.(—a — B)|w,. By Lemma 5.6, we have

H'(Wy,Sym[Z; @ a® 5] @ det F; @ det Q) = 0
Finally, applying Cauchy’s formula to each Sym Q?L_di yields the desired vanishing. g

Note that the argument for this vanishing result makes no assumption about the Kempf
collapsing Z beyond its dimension.

Remark 5.9 (Vanishing theorem for divisor classes associated to generalised permutohedra).
Let L be a linear subspace of k¥ satisfying Condition (L), in addition to a nef divisor D
on Xp. Following [EL24], we can define the section ring

R(L,D) = H* (W, (D)
>0
In recent work [EFL25], Christopher Eur, Alex Fink, and Matt Larson will show that
(i) The ring R(L, D) is graded Cohen—Macaulay and generated in degree 1.
(ii) The image Z, of the evaluation map fp,: Wr — PHO(Wp, D) satisfies Rfp O, =
Oz, .
These authors obtained the statements via Grébner degenerations and Frobenius splitting.

Keeping the assumptions as in Theorem C, consider a generalised permutohedron P defined
by the Minkowski sum
P=B(J{)+ - +B(J)
of the base polytopes of dual matroids of J;. The polytope P defines a basepoint-free
divisor Dp on the permutohedral variety Xg. We have the following positivity results:
a) Theorem C implies that

H'(Wp,¢Dp) =0, fori>0and{>0.

b) If one of the J; equals L, then a combination of Theorem C and Fact 2.10 shows
the restriction map HY(Xg,¢Dp) — H°(Wp,¢Dp) is surjective for all k > 0.
c) Let Ky, be the canonical divisor of Wp,. If the Kempf collapsing qw: Er ; — Y7, s
is birational, then, applying Lemma 5.6 to &7, we have
H Wy, Kw, +{Dp) =0, fori>0and?¢>0.

The Kempf-Weyman technique seems less powerful in this case. We can only deduce
Statement (i) above assuming Statement (ii) and all the conditions in Items b) and ¢). In
this case, the assertion can be obtained from Serre duality and [EL24, Proposition 4.3].

6. RELATIONSHIP TO WHITE’S CONJECTURE

In the present section, we show how cohomology groups of tautological bundles govern
degrees of generators of toric ideals of matroid base polytopes.
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6.1. Constructing syzygies for a Kempf collapsing. We start by giving a bit more
generalities on Kempf collapsings. Keeping the notation and assumptions as in §5.1, we
have a short exact sequence

(6.1.1) 0=+E&E=V®0x =+3F =0,

where F is dual to the kernel of the evaluation map VV ® Ox — €Y. Denote by S the
coordinate ring Sym VY of V. Weyman constructed a minimal resolution for the Kempf
collapsing Y of & [Wey03, Theorem 5.1.2]:

Proposition 6.1. There exists a minimal complex Fy of Z-graded S-modules, with the ith
term given by
. i+j
F=PH (X N\F)eS(-i-j).
Jj=0

If the collapsing map q: Tot & — Y is birational, then H°(Sym V) is a normalisation of
the coordinate ring k[Y] of Y. If moreover Sym &V has vanishing higher cohomology and
Fy =S, then Y is normal, and the complex Fy gives a free resolution of k[Y].

6.2. Normal presentation of the toric ideal of a matroid. Let M be a matroid on
the ground set E with rank r. We will define the toric ideal Iy of M to be the kernel of
the ring map

klzp : B is a basis of M| — k[xo,...,z,]; xp+— H Ye-
ecB

It is evident that this is the homogeneous ideal cutting out the toric variety Xpyr) associated
to the base polytope B(M). In the case when M is a realisable matroid, the projective
variety XB(M 1) equals, Proposition 2.5, the T-orbit closure of a linear subspace L C k¥
that realises the matroid M.

Denote by Og:(1) the Pliicker line bundle on the Grassmannian Gr(r,k¥), and O (1)

the restriction of Og:(1) to Xpny. Let K = HO(Gr(r, k*), 9q:(1)) and Mgy be the
kernel of the composite
K ® 0xp = H'(Xpo), OB (1) ® Oxp00) = Oy (1),

where the first map is given by restriction of a section of Og,(1) on Gr(r, k) to XB)s
and the second map is given by evaluating the section.

Proposition 6.2. Let M be a connected matroid of rank or r. The following are equivalent
for an integer j > 1:
(i) The toric ideal IB( M) has no degree-(j + 1) minimal generators.
(i) HI (Xpan, N Mpan) = 0.
(iii) Hl(XB(M , N’ Mpan ® Opany (G — 1)) = 0.

Therefore, weak White’s conjecture is true if and only if Statement (ii) holds for all j > 1.
The equivalence between (i) and (ii) can be construed in terms of Koszul cohomology, but
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we will first give a proof using the Kempf-Weyman technique, which is more akin to the
viewpoint of §5.

Proof. For the equivalence between Item (i) and Item (ii), we consider Example 5.1 with
the following diagram

Tot OB(M)(_]')‘XB(M) —— XB(M) CK

!

XB(m)

where ¢ is the Kempf collapsing of the line bundle Oy (—1). Since Op)(1) is very ample,
the map ¢ is an isomorphism away from the zero section. Therefore, by Proposition 6.1,
the complex F, gives a minimal free resolution of the normalisation of the coordinate ring
k[XB(M)}, and hence k[XB(M)] itself, since White showed B(M) is a normal polytope [Whi77,
Theorem 1]. Now, looking at Fi, one deduces that Iy, is has no minimal generators in
degree j + 1 if and only if H7 (X, AV"1 M) =0 for j > 1.
For the equivalence between Item (ii) and Item (iii), we look at the short exact sequences
b—1 b b
0— OB(M)(l) ® /\ MB(M) — /\K ® OXB(M) - /\MB(M) —0
for various b > 0. Twisting by tensor powers of Op()(1) and noting that the middle term
always has vanishing higher cohomology, we obtain a sequence of isomorphisms
2
H' (Xpony, \ Meany ® Opany (G — 1)) = -+
) J gl
— HI7H A\ Mpan ® Oany (1)) = H7( /\ M)
This gives the equivalence between Item (ii) and Item (iii). O

Remark 6.3 (The equivalence between Item (i) and Item (iii) via Koszul cohomology).
Let M’ be the kernel of the evaluation map

H(Xpy, O (1) © Oxp0, — Oy (1)-

Recall that White [Whi77, Theorem 1] proved that the toric variety Xgqy is projectively
normal. Therefore, we have

(6.2.1) H' (Xgam, M @ 0oy (b)) =0, forb> 1.
By [EL93, Lemma 1.4], Item (i) for j € Zs¢ is equivalent to the vanishing

2
(6.2.2) H' (Xpap), AM @ Ogay(j — 1)) = 0.

Computing extension classes, one can observe that Mgy splits as the direct sum M with
a trivial bundle,

MB(M) ~ M ® ker[HO(OGr(l)) - HO(OB(M)(D)] ® OXB(M)'
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Therefore, considering Eq.(6.2.1), we see that the condition in Eq.(6.2.2) is equivalent to
Item (iii).

Remark 6.4. It is also true that the toric variety X p associated to any integral polymatroid
base polytope P is projectively normal; see [Wel76, Chapter 18.6, Theorem 3| or [EHL23,
Proposition 3.10].

Turning to the realisable case, we start with the following observation, which is a
consequence of Proposition 2.5; see also [BEST23, Appendix III].

Observation 6.5. When M is realised by a linear subspace L C k¥, the toric variety XB(m)
is the image of the map ¢ : Xg — Xy introduced in Proposition 2.5. In particular, we
have

(1) Rér«Oxp = Oxy s see [CLS1L, Theorem 9.2.5].
(ii) det Qp, ~ det 8} ~ @7 Opr)(1).

Remark 6.6. In the case when the matroid M is realised by a linear subspace L C C¥,
the projective normality of Xpn) can also be obtained as a consequence of Theorem C.
Running a Leray spectral sequence with Observation 6.5, we obtain

H'(Xpny: Opany (0) = H (X p,det Q9% ) =0, for i >0and £ >0,
so the normality of XB(M) and Proposition 6.1.

Remark 6.7 (Degree bound on minimal generators of Iy;). Keeping the notation and
assumption as in Proposition 6.2, we claim that the ideal Iy; has generators in degree at
most n. This can be obtained by combining the Batyrev—Borisov vanishing theorem [CLS11,
Theorem 9.2.7] and the observation that the the polytope B has no interior lattice points.

In the case when the matroid is realised by a linear subspace L C k¥. Twisting the
sequence at the end of the proof of Proposition 6.2 by det 8,1 = Ognp)(—1) yields

J+2 Jj+2 J+1
0— /\ ¢2MB(M) ®det8;L — /\ K®detS;. — /\ ¢*LMB(M) —0
By Theorem B, the middle term has no higher cohomology. Considering Observation 6.5
again, we have
, J+l ' J+2 ' j+2
H (Xpoy, \ M) ~ H Xy, A\ Meany) ~ H 7 (XE, 67, \ Mpa) =0,

for j > n, since Xg has dimension n.

Let M be a matroid realised by a linear subspace L C k¥. Thanks to Item (ii) of
Observation 6.5, we can put a filtration on the vector bundle ¢EMB(ML) with associated
graded

r—i %

ASi@ QL for0<i<r
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These graded pieces also show up as the direct summands of A" €. At the same time, we

also obtain an induced filtration on gbZMS?M 1 ® det Qy,, with associated graded

r—i i r—j #E—r—j
ASte NG o ASte N Qp forallo<ij<r.
It is natural to ask about higher cohomology vanishing of the associated graded of this

filtration; to this end, we propose a stronger prediction regarding minimal generators of
Ii1 in degree 3.

Conjecture 6.8. Let L C C™ be a linear subspace of dimension r, then the vector bundle
r r r—i i r—j #E—-r—j
ANeioNelwdetor~ P ASio Ao Asie A

0<ij<r
has vanishing H'. Here, we put £, = 81, @ Qy, following the notation as in §3.

When chark # 2, a positive answer to Conjecture 6.8 would imply that ¢} A2 Mpare) ®
det Q7 has vanishing H', which implies that I,,. has no minimal generators in degree 3.
One may hope to attack Conjecture 6.8 using the same strategy as we did for Theorem B.
Unfortunately, as we shall explain in below, the strategy of working with exterior powers
of a direct sum of the form
U, =8/ @9 ®8] ®9y.

is likely to fall short. By [EFL25, Example 5.3], there exists a 3-dimensional linear subspace
L CCF for E={0,1,...,11} such that H'(Wp,Qz) # 0. Considering Fact 2.10, we can
find a natural number 0 < a < #F — r such that

H* YN\ QY ® Q) #0.

Here, we exclude the cases a =0 and a = #F —r =n+ 1 — r, since it does occur that
H'(Qp) = 0 and, by the standard Cremona transform, that

n+1—r n—r
H" 20N\ QY ®Qp) ~ H" "2( A\ 9f) =0.

While this does not falsify Conjecture 6.8, it does imply there exists a natural number
d > 2 such that the exterior power A? ¥y has nonvanishing higher cohomology.

A. VANISHING RESULT ON TAUTOLOGICAL QUOTIENT BUNDLES

We give a simplified proof of higher cohomology vanishing for exterior powers of the
tautological quotient bundle Qf as well as a deletion-contraction formula for the dimension
of global sections of pushing forward exterior powers of Qy. The first assertion also can
also be deduced from Theorem B; we view the second assertion below as a verification of
deletion-contraction identity in [Eur24, Theorem 1.5] up to taking global sections.

4348



Ruizhen Livu

Proposition A.1. Let L C k¥ be a linear subspace. For any d > 0, we have the following
d
(i). H'(Xp,\QL)=0 fori>D0.

d
(i) h°(Xgyns f \ QL) =

hO(XE\m /\d(QL\n S OXE\H)), if n is a loop;
hO(XE\Tm /\d QL/n)v an s a COlOOp,'
hO(XE\m A Qr/n) + hO(XE\n, AT Qr\n); if n is not a loop or coloop.

Proof. Considering the Leray spectral sequence
d d
ES? = HY(Xp\,, RUf. \ QL) = HPY9(Xg, \ Q).

Since A% Q. has vanishing cohomology, it is enough to show E? 0 =0 for p > 0. We proceed
by induction on n. In the case when n is a loop or coloop, the second assertion is clear from
the identity Qp, ~ Qr\,ern, and the projection formula. The first assertion also follows
immediately from the inductive hypothesis.

It remains to handle the case when n is neither a loop nor coloop. Taking exterior power
of the short exact sequence from the third column of Diagram (3.2.1) yields

d—1 d d
0->L1@ N\ 9 —>f*/\QL/n@OXE\n — A\ QL — 0.

Pushing forward along f, we have, thanks to the projection formula and Lemma 3.7, a
short exact sequence

d—1 d d
(A.0.1) 0= fuLr® A\ ) = AQrm ®0x,,,) = fe AL =0,
where the first term is by Lemma 3.10,
d d—2

felL1®@ N\ Q) = det Qpy, ® Q11,, ® A\ Qi
Therefore, this term fits into the (d — 1)th exterior power of the third column of Dia-
gram (3.3.1) in the following way,
d d—1 d-1
(A0.2) 0= fulLr1® AQ) = A Qm— A\ 2w — 0.

By the inductive hypothesis, the second and third items above have vanishing higher
cohomology. Thus, taking cohomology of the sequence above, we obtain
d
HY(Xp\p, [«(£L1® \Qr)) =0, foralli>1andd>0.

Taking cohomology of Sequence (A.0.1) and invoking the inductive hypothesis again, we

obtain
d

d
H? (X, £ \ Q1) = HPP N (X, fo(£1 ® \Q1)), for p > 0.
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But we have shown that the right-hand side vanishes. The left-hand side equals Eg’o;
therefore, the first assertion follows. To obtain the second assertion, we take cohomology
of Sequences (A.0.1) and (A.0.2), obtaining two four-term exact sequences

d—1 d
0= H(fo(L1® A Qr)) = HO (A QL ® O0x,,,)) =
d d—1
— H(fe N Q) = H'(fu(£L1® / Q) =0, and

d d—1 d—1 d
0— HO(fu(L1®@ N\ Q) = H° (N Quyn) = H (N Qpvn) = H' (fu(L1® \ QL)) — 0.

Here, all cohomologies are taken in the variety Xg\,. Counting dimensions, we obtain

d d
ho(/\ QL) = hO(XE\na I+ /\ QL)
d d—1 d—1
= B (N QL @ Ox,.,) — W (fu(Lr@ N\ Q) + ' (fu(L1 @ A Qp))
d d—1 d—1
= ho(/\(QL/n ® OXE\n)) - ho( /\ QL/n) + ho( /\ QL\n)
d d—1
= ho(/\ QL/n) + ho( /\ QL\n)
This gives the second assertion. O
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